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Chapter 1

Introduction

1.1 Motivation

Statistical physics is an unfinished and highly active part of physics. We do not have the the-
oretical framework in which to even attempt to describe highly irreversible processes such as
fracture. Many types of nonlinear systems that lead to complicated pattern formation processes,
the properties of granular media, earthquakes, friction and many other systems are beyond our
present understanding and theoretical tools.

In the study of these and other macroscopic systems we build on the established conceptual
framework ofthermodynamicandstatistical physicsThermodynamics, put into its formal and
phenomenological form by Clausius, is a theory of impressive range of validity. Thermody-
namics describes all systems form classical gases and liquids, through quantum systems such as
superconductors and nuclear matter, to black holes and elementary particles in the early universe
in exactly the same form as they were originally formul&{ed.

Statistical physics, on the other hand gives a rational understanding of Thermodynamics in
terms of microscopic particles and their interactions. Statistical physics allows not only the cal-
culation of the temperature dependence of thermodynamics quantities, such as the specific heats
of solids for instance, but also of transport properties, the conduction of heat and electricity for
example. Moreover, statistical physics in its modern form has given us a complete understand-
ing of second-order phase transitions, and with Wils&€sormalization Group theorye may
calculate the scaling exponents observed in experiments on phase transitions.

However, the field of statistical physics is in a phase of rapid change. New ideas and concepts
permit a fresh approach to old problems. With new concepts we look for features ignored in
previous experiments and find exciting results. Key wordslaterministic chagdractals, self-
organized criticality (SOQG)turbulenceandintermitency These words represent large fields of
study which have changed how we view Nature.

Disordered systems, percolation theory and fractals find applications not only in physics and
engineering but also in economics and other social sciences.

What are the processes that describe the evolutiamooiplex systerisAgain we have an

LFrom the introduction of Ravndal’s lecture notes on Statistical Physics
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2 CHAPTER 1. INTRODUCTION

active field withstochastic processes a key word.

So what has been going on? Why have the mysteries and excitement of statistical physics not
been introduced to you before?

The point is that statistical physics is unfinished, subtle, intellectually and mathematically
demanding. The activity in statistical physics has philosophical implications that have not been
discussed by professional philosophers—and have had little influence on the thinking of the
general public.

DETERMINISTIC behavior rules the day. Privately, on the public arena, in industry, man-
agement and in teaching we almost invariably assume that any given action leads predictably
to the desired result—and we are surprised and discouraged when it d&e3metnext level
is that some feed-back is considered—but again things get too simplistic. Engineers who study
road traffic reach the conclusion that more roads will make congestions worse, not better—a
statement that cannot be generally true. Similarly, the “Club of Rome” report predicted that we
would run out of resources very quickly. The human population would grow to an extent that
would outstrip food, metals, oil and other resources. However, this did not happen. Now, with
a much large population we have more food, metals, and oil per capita than we had when the
report was written. Of course, statistical physics cannot be applied to all areas. The point is that
in physics, statistical physics provides us with many examples of complex systems and complex
dynamics that we may understand in detail.

Statistical physics provides an intellectual framework and a systematic approach to the study
of real world systems with complicated interactions and feedback mechanisms. | expect that the
new concepts in statistical physics will eventually have a significant impact not only on other
sciences, but also on the public sector to an extent that we may speak of as a paradigm shift.

1.2 Deterministic Chaos

Deterministic chaos appears to be@ymoroni. e. a contradiction of terms. It is not. The
concept of deterministic chaos has changed the thinking of anyone who gets some insight into
what it means. Deterministic chaos may arise in any non-linear system with few (active) degrees
of freedom, e. g. electric oscillator circuits, driven pendulums, thermal convection, lasers, and
many other systems. The central theme is that the time evolution of the syssansisive
so initial conditions. Consider a system that evolves in time as described by the deterministic
equations of motion, a pendulum driven with a small force oscillating at a frequendgr
example. Starting from given initial condition the pendulum will evolve in time as determined
by the equation of motion. If we start again with new initial condition, arbitrarily close to the
previous case, the pendulum will again evolve deterministically, but its state as a function of
time will have a distance (in some measure) that diverges exponentially from the first realization.
Since the initial condition cannot be specified with arbitrary precision, the orbit in fact becomes
unpredictable—even in principle.

It is this incredible sensitivity to initial conditions fateterministicsystems that has deep

%Discuss the telephone system at the University of Oslo



1.3. ATOMISTIC PHILOSOPHY 3

philosophical implications. The conclusion, at least how | see it, is that determinism and ran-
domness are just two aspects of same system.

The planetary system is known to be chaotic! That is, we cannot, even in principle, predict
lunar eclipse, the relative positions of planets, the rotation of the earth as a function of time.
What is going on? The point is that non-linear systems that exhibit deterministic chaos have
a time horizonbeyond which we cannot predict the time evolution because of the exponential
sensitivity on initial conditions. For the weather we have a time horizon of two weeks in typical
situations. There exist initial conditions that have time horizons further in the future. for the
planetary system the time horizon is millions of years, but chaotic behavior has nevertheless been
observed for the motion of lo, one of Jupiter's moons. Chaos is also required for an understanding
of the banding of the rings of Jupiféiery accurate numerical solutions of Newton’s equations
for the solar system also exhibit deterministic chaos.

1.3 Atomistic Philosophy

Now, for systems with many active degrees of freedom, we obsemeerative phenomenae.
behavior that does not depend on the details of the system. We olosgveesality or universal
behavior, that cannot be explained by an atomistic understanding alone.

Let me explain: Thetomistic philosophys strong and alive. We believe that with an atom-
istic understanding of the particles that constitute matter—and their interactions—it is merely
an exercise in applied mathematics to predict the macroscopic behavior of systems of practical
importance. This certainly is an arrogant physicists attitude. It must be said, however, that the
experiments and theories are entirely consistent with this view—in spite of deterministic chaos,
self-organized criticality and their ilk.

It is clear that the quantum mechanics required to describe the interactions of atoms in chem-
ical systems is fully understood. We have the exact solution for the Hydrogen atom, the approx-
imate solution for the Helium atom, and numerical solutions for more complex atoms and their
interactions in molecules. There is no evidence that there are open questions in the foundation of
guantum chemistry. Thus we know what is required for a rational understanding of chemistry—
the work has been done, we only need to apply what is known practical tasks in engineering and
industry so to say.

Since we understand chemistry, no new fundamental laws of Nature are required to under-
stand biochemistry, and finally by implication the brain—how we think and understand!

What folly! Clearly something is wrong with this line of reasoning. Molecular biology is
at present the field of science that has the highest rate of discovery, while physicist have been
waiting for almost thirty years for the observation of the Higgs Boson predicted by the standard
model. Elementary particle theory clearly lies at the foundation of physics—but the rate of
discovery has slowed to a glacial pace.

What is going on? | believe the point is that the evolution of science in the 20th century
has lead to a focus on the atomistic part of the atomistic philosophy. Quantum mechanics was a

3The ring were first observed by Galileo in 1616 with a telescope he had built. By 1655 Huygens had resolved
the banding, not fully explained yet.



4 CHAPTER 1. INTRODUCTION

fantastic break-through, which completely dominated physics in the first half of previous century.
Discoveries, were made at an astounding rate. Suddenly we understood spectra, the black-body
radiation, X-rays, radioactivity, all kinds of new patrticles, electrons, protons, neutrons, anti-
particles and much more. Much was finished before the second World war, whereas nuclear
reactors, and weapons, were largely developed in 50's and 60’s. The search for elementary
particles, the constituents of nuclear matter, and their interactions gained momentum in the 50’s
and truly fantastic research organizations of unprecedented size, such as CERN, dedicated to
basic research were set up.

This enthusiasm was appropriate and lead to a long string of discoveries (and Nobel prizes)
that have changed our society in fundamental ways.

Quantum mechanics is, of course, also at the basis of the electronics industry, computers,
communication, lasers and other engineering products that have changed our lives.

However, this huge effort on the atomistic side, left small resources—both human and otherwise—
to other parts of physics. The intellectual resources were largely concentrated on particle physics
research, the other aspects of the atomistic philosophy, namely the understanding of the natu-
ral world in terms of the (newly gained) atomistic physics, was left to an uncoordinated little
publicized and conceptually demanding effort.

1.3.1 Cooperative Phenomena

Cooperative phenomena are ubiquitous and well known from daily life. Take hydrodynamics
for example. Air, water, wine, molten steel, liquid argon — all share the same hydrodynamics.
They flow, fill vessels, they from drops and bubbles, have surface waves, vortices and exhibit
many other hydrodynamic phenomena—in spite of the fact that molten steel, water and argon
are definitely described by quite different Hamilton operators that encode their quantum me-
chanics. How can it be that important macroscopic properties do not depend on the details of the
Hamiltonian?

Phase transitions are alsniversal Magnetism and the liquid—vapor transition belong to the
same universality class; in an abstract sense they are the same phase transition! Ferro-electricity,
spinodal decomposition, superconductivity, are all phenomena that do not depend on the details
of their atomistic components and their interactions—they are cooperative phenomena.

The understanding of cooperative phenomena is far from complete. We have no general
theory, except for second order phase transitions, and the phenomenological equations for hy-
drodynamics, to classify and simplify the general scaling and other fractal phenomena observed
in highly non-equilibrium systems. Here we have a very active branch of statistical physics.

1.4 Outlook

So what is the underlying conceptual framework on which physics attempts to fill the gap in un-
derstanding the macroscopic world? How do we connect the microscopic with the macroscopic?—
of course, by the scientific approach, by observation, experiment, theory, and now computational
modeling.
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First of all: For macroscopic systems, we have a fantggtenomenological theoryrHER-
MODYNAMICS valid at or near thermal equilibrium, and for systems that start in an equilibrium
state and wind up in an equilibrium state (explosions for example). Thermodynamics was devel-
oped largely in the 19th century, with significant developments in our century related to quantum
mechanics and phase transitions. Thermodynamics in the present form was really formulated as
an axiomatic system with the three laws of thermodynamics. The central concept i€enary
of courseentropy the only concept required in all the three laws of thermodynamics.

Secondly: Statistical physics started with Daniel Bernoulli (1700-1792), was given a new
start by Rudolf Clausius (1822—-1888), James Clerk Maxwell (1831-1879) contributed the kinetic
theory of gases and his famous velocity distribution. Ludwig Boltzmann (1844-1906) made
the fundamental connection to kinetics and introduced the famous expré&ssiddnW the
statistical expression for the entropy, and explained why entropy must increasd-bytt@srem.
Josiah Willard Gibbs (1839-1903), made fundamental contributions to the modern formulation
of statistical mechanics. In this century Lars Onsager (1903-1976) made several outstanding
contributions. By his exact solution of the Ising model, in two-spatial dimensions, he proved that
the framework of statistical physics could indeed tackle the problem of phase transitions. He
received the 1968 Nobel prize in chemistry for his work on irreversible thermodynamics. Claude
E. Shannon initiatedthformation theoryby his 1948 paper analyzing measures of information
transmitted through a communication channel. His measure of information is directly related to
Boltzmann'’s statistical measure of entropy. The last break-trough contribution was by Kenneth
Geddes Wilson (1936-), who was awarded the 1982 Nobel prize in physics for Renormalization
group theory that allows the calculation of scaling exponents at second order phase transitions.

1.5 What will we do?

This is what now think we should do in this course. We cannot get into all the interesting things
at the frontier of research. On the contrary the purpose of this course is to acquaint you with
the central issues of statistical mechanics. | will be guided by Finn Ravndals notes, and my own
tastes, and hope | do not overload the course. It is better to understand the a number of central
issues thoroughly, they provide anchor points for further investigation if your studies, or later
work require them.

4Energy, an old word first used by Thomas Young in 1807 to sigmiy, not [%m\ﬁ] from Greekenin +ergon
work (or rather: at work)
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Chapter 2

Historical Background

The sensation of hot and cold; that is temperature, and the use of fire in cooking (heat) pre-
dates written history. The scientific understanding of temperature and heat is surprisingly recent.
Emilio Sege has written a wonderful account of the evolution of our understanding of heat,
temperature and other aspects of the foundation of modern physics.

The concepts of temperature, heat, work and entropy grew gradually from the time of Galileo
and culminated with the formulation of classical thermodynamics by Rudolf Clausius (1822—
1888). At this stage there were twoinciples of thermodynamidsrmulated by Clausius:

| The energy of the universe is constant
Il The entropy of the universe tends to a maximum

Clausius introduce the worhtropyin 1865,from the Greekporm| (Verwandlungtransforma-

tion). Entropy, a fundamental concept in thermodynamics, is involved in both principles. Now
entropy is most readily understood in terms of statistical physics. In classical physics there is no
reference point for entropy. Walther Hermann Nernst (1864—-1941) formulated the third principle
of thermodynamics:

Il The entropy vanishes for a system at zero absolute temperature,

a conclusion Nernst reached by experimental investigations of vapors at high temperature, solids
at low temperature and galvanic cells. He received the 1920 Nobel Prize for Chemistry for his
discovery

Classical mechanics is reversible. For particles that interact with forces that may be derived
from a potential the classical paths are strictly time-reversible, and the total energy of the system
is conserved. This situation is not changed by quantum mechanics. The deep problem is therefore
to understand how entropy can always increase as equilibrium is approached.

Interestingly the principle of energy conservation, i. e. the so céiltsdlaw of thermody-
namicsl, was establishedfter Carnot’s discovery of the second law of thermodynamics.

Entropy is a concept of great practical importance, but it is a concept that is difficult to
understand. The following quote from a nice little bodkteam Engine Principléy Calvert
(1991) illustrates the difficulty:
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A forth property is entrop¥This has no physical existence and it has an arbitrary
datum, but its changes can be precisely calculated. Such changes are listed in tables
and plotted on charts. It is unprofitable to find an analogue for entropy. There is
none. It must be accepted and used. It is as much a handicap to try to understand
what is going on in our steam engine without recourse to entropy tables or charts as
it is for a coastwise navigator to reject the tide tables. In both cases the tables are
prepared by the learned and they are intended to be used without question by the
practical man.

Of course, there are objections to Clausius’ formulation of the first law: The energy universe
is not conserved unless we take into account the equivalence of mass and energy as stated in
Einstein’s famous formul& = mc?. However, in classical systems that are ‘closed’ energy is
indeed conserved.

There are equivalent formulations of these two ‘laws’ of thermodynamics that give more
insight.

2.1 Temperature

Galileo (1564-1642) around 1592 built a fluid baseeirmoscopeavhich could be used to show
changes in temperature. However the thermoscope had no fixed point and temperatures form
different thermoscopes could not be compared. Disciples of Galileo and othersAnatemia

del Cimenta(in Florence) made systematic studies usirthemometer Isaac Newton (1642—

1727) proposed a temperature scale in which the freezing point of water was set to zero, and the
temperature of the human body to twelve.

Daniel Gabriel Fahrenheit (1686—1736) was born in Danzig but studied in Holland and
worked in Amsterdam. Fahrenheit proposed a temperature scale still used today. He used al-
cohol thermometers and was the first to make a mercury thermometer. Fahrenheit used three
fixed points (1): 0 degrees for a mixture of ice, water and salt; (2): 32 degrees for a mixture
of ice and water; (3): 96 degrees at the body temperature of a ‘healthy’ person in the mouth or
under the arm. This temperature scale has the advantage that most temperatures experienced in
daily life are all positive.

Fahrenheit was the first to observe and describe super-cooling of water in small capillaries.
He used rain-water in a 1 inch bulb that he evacuated in the manner used by him to make ther-
mometers. Fahrenheit found that the water was liquid at 15 degrees, i. €C;%aAd solidified
immediately if he broke the tip of the capillary attached to the bulb to admit air.

We now mostly use the Celsius temperature scale. Anders Celsius (1701-1744) was a pro-
fessor of astronomy at the university of Uppsala. In 1742 he described his thermometer to the
Swedish Academy of Sciences. The thermometer had the melting point of snow as one fixed
point at 100°C and the boiling point of water was set td’G. This was later inverted so that
0° is the melting point of snow, anti00’ as the other, for the centigrade scale. The name was
changed in 1948 to honor Celsius.

lthe others are: pressure, temperature, and density
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William Thomson (later Lord Kelvin) introduce the absolute temperature scale. (More later)

2.2 Steam Engines

The steam engine was developed and played an important role in the industrial revolution, start-
ing in England in the mid-18th century. The name we normally associate with the steam engine
is James Watt (1736—-1819) who introduced ¢bedenserpatented in 1768: “A New Invented
Method of Lessening the Consumption of Steam and Fuel in Fire Endinatts invention
greatly increased the efficieftpf the steam engine patented in 1705 by Thomas Newcomen
(1663-1729) used to drive pumps in coal mines (se€ZEk) The steam engine was further de-

Figure 2.1: The Newcomen steam engine worked
in a simple fashion. Steam generated in the boiler is
admitted to the cylinder by opening the valve (a) and
the weight of the other end of the arm pull the pis-
ton upward. The cylinder volume is filled and heated
by the steam at atmospheric pressure. By closing the
valve (a) and opening the valve (b) cold water is in-
troduced into the cylinder. The steam condenses and
cools thereby reducing the pressure in the cylinder
so that the piston moves down pushed by the atmo-
spheric pressure. The excess water runs out of the
tube (f). When the cylinder has cooled down the cy-
cle can start again. The maximum pressure difference
that can be obtained is then given by the length of the
tube (f) and the temperature of the surroundings.

veloped in the coming years by many engineers without a deeper understanding of the efficiency
of the engine. Watt's invention alone significantly reduced the amount of coal needed to perform

a given amount of work, and thus made steam engines practical. There were dangers, of course.
For instance, in 1877 there were in Germany 20 explosions of steam boilers injuring 58 persons.
In 1890 there were 14 such explosions (of a vastly larger number of boilers) injuring 18 persons.
Stationary steam engines were used in industry, for railroads, in agriculture and later for electric
power generation. The table shows that there was a dramatic increase in the use of steam engines
only 120 years ago—now they are almost extinct. Steam turbines have replaced steam engines
completely for electric power generation.

2\Watt, James’ Britannica Online<http://www.eb.com:180/cgi-bin/g?DocF=micro/632/91.html|
3from 1% to 2%
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Figure 2.2: The steam was generated at atmospheric
pressure and introduced into the cylinder just as in
the Newcomen engine. However, in contrast with
the Newcomen engine the steam was condensed in
the small cylinder (K) immersed in cold water. The
machine shown wadouble-acting. e. it worked
both on the down- and the up-stroke. various arrange-
ments opened and closed valves automatically. The
water in the condenser was pumped out. The central
improvement was that there was no need to cool the
cylinder between strokes.

1879 1879
Type of Steam engine Number| Horse power Number| Horse power
Free standing 29 895 887 780| 45192 1508 195
Mobile 5442 47 104|| 11916 111 070
Ship 623 50 309 1674 154 189

Table 2.1:Steam engines in Prussia. Globally there were about 1.9 million steam engines in the
world around 1890.

2.3 Sadi Carnot

Thermodynamics as a field of science started with Sadi Carnot (1796-1831). He published in
1824 remarkable bodéflexions sur la Puissance Motrice du Feu, et sur les Machines Propres

a développer cette Puissaneéhis only published scientific work. But hardly anyone bought the
book, and it became very difficult to obtain only a few years later. Itim#le Clapeyron (1799—
1864), who understood Carnot's work and expressed the results in a more mathematical form in
the paper published in 1834. Fourteen years later Clayperon’s work was expanded by William
Thomsof (1824-1907). Thomson studied Carnot’s paper in 1847 and realized that the Carnot
cycle could be used to define absolute temperaturecale. However, with Carnot, he as late as

in 1848 thought that heat was conserved, which is incorrect. This view was, however, changed
by James Prescott Joule (1818-1889), and together they established the correct interpretation and
thereby the principle ofonservation of energy

4Thomson was knighted in 1866, raised to the peerage in 1892 as Baron Kelvin of Largs.
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The beginning of Sadi Carnot’s book gives a feel for the technological optimism at the be-
ginning of the 19th century, and the motivation of his work:

EVERY one knows that heat can produce motion. That it possesses vast motive-
power no one can doubt, in these days when the steam-engine is everywhere so well
known.

To heat also are due the vast movements which take place on the earth. It causes
the agitations of the atmosphere, the ascension of clouds, the fall of rain and of
meteor® the currents of water which channel the surface of the globe, and of which
man has thus far employed but a small portion. Even earthquakes and volcanic
eruptions are the result of heat.

From this immense reservoir we may draw the moving force necessary for our
purposes. Nature, in providing us with combustibles on all sides, has given us the
power to produce, at all times and in all places, heat and the impelling power which
is the result of it. To develop this power, to appropriate it to our uses, is the object of
heat-engines.

The study of these engines is of the greatest interest, their importance is enor-
mous, their use is continually increasing, and they seem destined to produce a great
revolution in the civilized world.

Already the steam-engine works our mines, impels our ships, excavates our ports
and our rivers, forges iron, fashions wood, grinds grains, spins and weaves our cloths,
transports the heaviest burdens, etc. It appears that it must some day serve as a
universal motor, and be substituted for animal power, waterfalls, and air currents.

After a discussion of the importance of steam-engines for England, he notes:

The discovery of the steam-engine owed its birth, like most human inventions, to
rude attempts which have been attributed to different persons, while the real author
is not certainly known. It is, however, less in the first attempts that the principal
discovery consists, than in the successive improvements which have brought steam-
engines to the conditions in which we find them today. There is almost as great
a distance between the first apparatus in which the expansive force of steam was
displayed and the existing machine, as between the first raft that man ever made and
the modern vessel.

Here Carnot expresses, in an amicable fashion, the unreasonable effectiveness of engineering.
The path for the original invention to the final product of generations of engineers, through a
never ending series of improvements leads to qualitatively new products.

After this motivation of his work he approaches the more gersmiehtificquestion:

Notwithstanding the work of all kinds done by steam-engines, notwithstanding the
satisfactory condition to which they have been brought today, their theory is very lit-
tle understood, and the attempts to improve them are still directed almost by chance.

SThis is a misunderstanding, the movement of meteors has nothing to do with heat. When they enter the atmo-
sphere, friction from the air cause them to heat and glow.
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The question has often been raised whether the motive power & iseat-
bounded, whether the possible improvements in steam engines have an assignable
limit—a limit which the nature of things will not allow to be passed by any means
whatever; or whether, on the contrary, these improvements may be carried on indefi-
nitely. We have long sought, and are seeking today, to ascertain whether there are in
existence agents preferable to the vapor of water for developing the motive power of
heat; whether atmospheric air, for example, would not present in this respect great
advantages. We propose now to submit these questions to a deliberate examination.

Then he really becomes precise and defines the scientific question, which he the actually
answers:

The phenomenon of the production of motion by heat has not been considered from
a sufficiently general point of view. We have considered it only in machines the
nature and mode of action of which have not allowed us to take in the whole extent
of application of which it is susceptible. In such machines the phenomenon is, in a
way, incomplete. It becomes difficult to recognize its principles and study its laws.

In order to consider in the most general way the principle of the production
of motion by heat, it must be considered independently of any mechanism or any
particular agent. It is necessary to establish principles applicable not only to steam-
engine? but to all imaginable heat-engines, whatever the working substance and
whatever the method by which it is operated.

Carnot goes on to describe the workings of the steam-engine, and concludes:

The production of motive power is then due in steam-engines not to an actual con-
sumption of caloric, but to its transportation from a warm body to a cold body, that
is, to its re-establishment of equilibrium an equilibrium considered as destroyed by
any cause whatever, by chemical action such as combustion, or by any other. We
shall see shortly that this principle is applicable to any machine set in motion by
heat.

We have shown that in steam-engines the motive-power is due to a re-establish-
ment of equilibrium in the caloric; this takes place not only for steam-engines, but
also for every heat-engine—that is, for every machine of which caloric is the motor.
Heat can evidently be a cause of motion only by virtue of the changes of volume or
of form which it produces in bodies.

SWe use here the expression motive power to express the useful effect that a motor is capable of producing.
This effect can always be likened to the elevation of a weight to a certain height. It has, as we know, as a measure,
the product of the weight multiplied by the height to which it is raisdderg, in a footnote, Carnot gives a clear
definition of what we today call free energy, even though his concept of heat (or caloric) was inaflequate

"We distinguish here the steam-engine from the heat-engine in general. The latter may make use of any agent
whatever, of the vapor of water or of any other to develop the motive power of heat.
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Here, Carnot has unclear concepts about the role of heat, or caloric. in a footnote (see below) he
evades the question. However, he is clear in the sense that a temperature difference is required if
work is to be generated. In that process there is caloric or heat flowing from the hot to the cold,
trying to re-establish thermal equilibrium.

Then Carnot rephrases the problem he is considering:

It is natural to ask here this curious and important question: Is the motive power of
heat invariable in quantity, or does it vary with the agent employed to realize it as
the intermediary substance, selected as the subject of action of the heat?

It is clear that this question can be asked only in regard to a given quantity of
caloricB the difference of the temperatures also being given. We take, for example,
one body A kept at a temperature of 2Gthd another body B kept at a temperature
of 0°, and ask what quantity of motive power can be produced by the passage of a
given portion of caloric (for example, as much as is necessary to melt a kilogram of
ice) from the first of these bodies to the second. We inquire whether this quantity of
motive power is necessarily limited, whether it varies with the substance employed
to realize it, whether the vapor of water offers in this respect more or less advantage
than the vapor of alcohol, of mercury, a permanent gas, or any other substance. We
will try to answer these questions, availing ourselves of ideas already established.

We have already remarked upon this self-evident fact, or fact which at least ap-
pears evident as soon as we reflect on the changes of volume occasioned by heat:
wherever there exists a difference of temperature, motive power can be produced

Here he announced the basic principle: A temperature difference is required in order to
generate work. Then he presents the first sketch of the cycle:

Imagine two bodies A and B, kept each at a constant temperature, that of A being
higher than that of B. These two bodies, to which we can give or from which we can
remove the heat without causing their temperatures to vary, exercise the functions of
two unlimited reservoirs of caloric. We will call the first the furnace and the second
the refrigerator.

If we wish to produce motive power by carrying a certain quantity of heat from
the body A to the body B we shall proceed as follows:

(1) To borrow caloric from the body A to make steam with it—that is, to make
this body fulfill the function of a furnace, or rather of the metal composing the
boiler in ordinary engines—we here assume that the steam is produced at the
same temperature as the body A.

(2) The steam having been received in a space capable of expansion, such as a
cylinder furnished with a piston, to increase the volume of this space, and

8]t is considered unnecessary to explain here what is quantity of caloric or quantity of heat (for we employ these
two expressions indifferently), or to describe how we measure these quantities by the calorimeter. Nor will we
explain what is meant by latent heat, degree of temperature, specific heat, etc. The reader should be familiarized
with these terms through the study of the elementary treatises of physics or of chemistry.
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consequently also that of the steam. Thus rarefied, the temperature will fall

spontaneously, as occurs with all elastic fluids; admit that the rarefaction may

be continued to the point where the temperature becomes precisely that of the
body B.

(3) To condense the steam by putting it in contact with the body B, and at the
same time exerting on it a constant pressure until it is entirely liquefied. The
body B fills here the place of the injectionwater in ordinary engines, with this
difference, that it condenses the vapor without mingling with it, and without
changing its own temperature.

Here, Carnot introduced several of the basic concepts of Thermodynameiasreservoirand
thermodynamics proces$n (1) and (2) he describes @othermal processvhereas in (2) he
describes antsentropic processReversibilityreversibilityis the next concept:

The operations which we have just described might have been performed in an in-
verse direction and order. There is nothing to prevent forming vapor with the caloric
of the body B, and at the temperature of that body, compressing it in such a way as
to make it acquire the temperature of the body A, finally condensing it by contact
with this latter body, and continuing the compression to complete liquefaction.

This then completes the Carnot cycle. However, Carnot continues in a fashion that is difficult to
understand, and in contradiction with what he writes later. First the continuation:

By our first operations there would have been at the same time production of motive
power and transfer of caloric from the body A to the body B. By the inverse opera-
tions there is at the same time expenditure of motive power and return of caloric from
the body B to the body A. But if we have acted in each case on the same quantity of
vapor, if there is produced no loss either of motive power or caloric, the quantity of
motive power produced in the first place will be equal to that which would have been
expended in the second, and the quantity of caloric passed in the first case from the
body A to the body B would be equal to the quantity which passes back again in the
second from the body B to the body A; so that an indefinite number of alternative
operations of this sort could be carried on without in the end having either produced
motive power or transferred caloric from one body to the other.

Here, by the assumption that caloric is conserved, he also gets no work done by his cycle! Nev-
ertheless he an-ounces his second principle:

Now if there existed any means of using heat preferable to those which we have
employed, that is, if it were possible by any method whatever to make the caloric
produce a quantity of motive power greater than we have made it produce by our
first series of operations, it would suffice to divert a portion of this power in order
by the method just indicated to make the caloric of the body B return to the body
A from the refrigerator to the furnace, to restore the initial conditions, and thus to
be ready to commence again an operation precisely similar to the former, and so
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on: this would be not only perpetual motion, but an unlimited creation of motive
power without consumption either of caloric or of any other agent whatever. Such
a creation is entirely contrary to ideas now accepted, to the laws of mechanics and
of sound physics. It is inadmissible. We should then concludettigatnaximum of
motive power resulting from the employment of steam is also the maximum of motive
power realizable by any means whatever

Since every re-establishment of equilibrium in the caloric may be the cause of
the production of motive power, every re-establishment of equilibrium which shall
be accomplished without production of this power should be considered as an actual
loss. Now, very little reflection would show that all change of temperature which is
not due to a change of volume of the bodies can be only a useless re-establishment
of equilibrium in the caloricThe necessary condition of the maximum is, then, that
in the bodies employed to realize the motive power of heat there should not occur
any change of temperature which may not be due to a change of volume

Here he has two more fundamental concepts: There is am maximum work attainable that is in-
dependent of what type of heat-engine is employed. Secondly he notes that any heat conduction
results in a loss of work as compared with the work produced by an ideal heat-engine. The prob-
lem is to understands how he reaches these correct conclusions, based on a cycle that produces
neither work nor a transport of caloric (heat) from the hot to the cold reservoir.

Let us follow his argument for the second demonstration: First the basic assumption:

When a gaseous fluid is rapidly compressed its temperature rises. It falls, on the
contrary, when it is rapidly dilated. This is one of the facts best demonstrated by
experiment. We will take it for the basis of our demonstration.

Then he goes on to describe in detail what we now call the Carnot cycle:

This preliminary idea being established, let us imagine an elastic fluid, atmospheric
air for example, shut up in a cylindrical vessahcd(Fig. 1), provided with a mov-

able diaphragm or pistorgd. Let there be also two bodies, A and B, kept each
at a constant temperature, that of A being higher than that of B. Let us picture to
ourselves now the series of operations which are to be describe@, Fig.

This is the complet€arnot cycle Carnot continues to explain that work is done:

In these various operations the piston is subject to an effort of greater or less magni-
tude, exerted by the air enclosed in the cylinder; the elastic force of this air varies as
much by reason of the changes in volume as of changes of temperature. But it should
be remarked that with equal volumes, that is, for the similar positions of the piston,
the temperature is higher during the movements of dilatation than during the move-
ments of compression. During the former the elastic force of the air is found to be
greater, and consequently the quantity of motive power produced by the movements
of dilatation is more considerable than that consumed to produce the movements of
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Figure 2.3: (1) Contact of the body A with the air enclosed in
the spacabcdor with the wall of this space—a wall that we will
suppose to transmit the caloric readily. The air becomes by such
contact of the same temperature as the bodgdNs the actual
position of the piston.

(2) The piston gradually rises and takes the posigbihe body

A is all the time in contact with the air, which is thus kept at
a constant temperature during the rarefaction. The body A fur-
nishes the caloric necessary to keep the temperature constant.
(3) The body A is removed, and the air is then no longer in contact
with any body capable of furnishing it with caloric. The piston
meanwhile continues to move, and passes from the posfitan

the positiongh. The air is rarefied without receiving caloric, and
its temperature falls. Let us imagine that it falls thus till it be-
comes equal to that of the body B; at this instant the piston stops,
remaining at the positiogh.

(4) The air is placed in contact with the body B; it is compressed
by the return of the piston as it is moved from the positgbrto

the positioncd . This air remains, however, at a constant temper-
ature because of its contact with the body B, to which it yields its
caloric.

(5) The body B is removed, and the compression of the air is
continued, which being then isolated, its temperature rises. The
compression is continued till the air acquires the temperature of
the body A. The piston passes during this time from the position
cdto the positiorik.(6) The air is again placed in contact with the
body A. The piston returns from the positidto the positioref;

the temperature remains unchanged.

(7) The step described under number (3) is renewed, then succes-
sively the steps (4), (5), (6), (3), (4), (5), (6), (3), (4), (5); and so
on.
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compression. Thus we should obtain an excess of motive power—an excess which
we could employ for any purpose whatever. The air, then, has served as a heat-
engine; we have, in fact, employed it in the most advantageous manner possible, for
no useless re-establishment of equilibrium has been effected in the caloric.

Then he points out that the cycle may be run in reverse and thereby by the use of mechanical
work take heat from the lower temperature of B to the higher temperature of the Reservoir A,

and he continues:

The result of these first operations has been the production of a certain quantity
of motive power and the removal of caloric from the body A to the body B. The
result of the inverse operations is the consumption of the motive power produced
and the return of the caloric from the body B to the body A; so that these two series
of operations annul each other, after a fashion, one neutralizing the other.

The impossibility of making the caloric produce a greater quantity of motive
power than that which we obtained from it by our first series of operations, is now
easily proved. It is demonstrated by reasoning very similar to that employed at
paged8; the reasoning will here be even more exact. The air which we have used to
develop the motive power is restored at the end of each cycle of operations exactly
to the state in which it was at first found, while, as we have already remarked, this
would not be precisely the case with the vapor of wilter.

We have chosen atmospheric air as the instrument which should develop the
motive power of heat, but it is evident that the reasoning would have been the same
for all other gaseous substances, and even for all other bodies susceptible of change
of temperature through successive contractions and dilatations, which comprehends
all natural substances, or at least all those which are adapted to realize the motive
power of heat. Thus we are led to establish this general proposition:

The motive power of heat is independent of the agents employed to realize it; its
guantity is fixed solely by the temperatures of the bodies between which is ejected,
finally, the transfer of the caloric.

We must understand here that each of the methods of developing motive power
attains the perfection of which it is susceptible. This condition is found to be ful-
filled if, as we remarked above, there is produced in the body no other change of
temperature than that due to change of volume, or, what is the same thing in other
words, if there is no contact between bodies of sensibly different temperatures.

9We tacitly assume in our demonstration, that when a body has experienced any changes, and when after a certain
number of transformations it returns to precisely its original state, that is, to that state considered in respect to density,
to temperature, to mode of aggregation-let us suppose, | say, that this body is found to contain the same quantity of
heat that it contained at first, or else that the quantities of heat absorbed or set free in these different transformations
are exactly compensated. This fact has never been called in question. It was first admitted without reflection, and
verified afterwards in many cases by experiments with the calorimeter. To deny it would be to overthrow the whole
theory of heat to which it serves as a basis. For the rest, we may say in passing, the main principles on which the
theory of heat rests require the most careful examination. Many experimental facts appear almost inexplicable in

the present state of this theory.
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Here we are the final conclusion. The amount of work that may be extracted by a heat-engine,
of any design whatever, depends only on the temperatures of the hot and the cold reservoir, and
on the amount of heat transported. This conclusion is correct. However, the view thatdhe
is conserved is clearly incorrect. The point is that the conservation of energy was only established
much later. Carnot was clearly aware that his idea of heat was not clear as may be seen from his
remarks:

According to established principles at the present time, we can compare with suffi-
cient accuracy the motive power of heat to that of a waterfall. Each has a maximum
that we cannot exceed, whatever may be, on the one hand, the machine which is acted
upon by the water, and whatever, on the other hand, the substance acted upon by the
heat. The motive power of a waterfall depends on its height and on the quantity of
the liquid; the motive power of heat depends also on the quantity of caloric used,
and on what may be termed, on what in fact we will cgile height of its falfld that

is to say, the difference of temperature of the bodies between which the exchange
of caloric is made. In the waterfall the motive power is exactly proportional to the
difference of level between the higher and lower reservoirs. In the fall of caloric
the motive power undoubtedly increases with the difference of temperature between
the warm and the cold bodies; but we do not know whether it is proportional to this
difference. We do not know, for example, whether the fall of caloric from 100 to 50
degrees furnishes more or less motive power than the fall of this same caloric from
50 to zero. Itis a question which we propose to examine hereafter.

Carnot thought that caloric was a conserved quantity—an attitude consistent with the exper-
imental accuracy of his day. The correct interpretation was first given by Rudolf Clausius in
1850, with the formulation:

dass in allen Rllen, wo durch Viirme Arbeit entstehe, eine der erzeugten Arbeit
proportionale Virmemenge verbraucht werde, und dass umgekehrt duch Verbrauch
einer ebenso grossen Arbeit dieselbariifemenge erzeugt werdeine.

2.4 The Maxwell's Distribution

Maxwelld read a paper at the meeting of the British Association of Aberdeen in September
1859. It was published in thBhilosophical Magazinén 1860, and it contains the following

10The matter here dealt with being entirely new, we are obliged to employ expressions not in use as yet, and which
perhaps are less clear than is desirable.

11 Maxwell, James Clerk; born June 13, 1831, Edinburgh, Scotland; died November 5, 1879, Cambridge, Cam-
bridgeshire, England; Scottish physicist best known for his formulation of electromagnetic theory. He is regarded by
most modern physicists as the scientist of the 19th century who had the greatest influence on 20th-century physics,
and he is ranked with Sir Isaac Newton and Albert Einstein for the fundamental nature of his contributions. In 1931,
on the 100th anniversary of Maxwell’s birth, Einstein described the change in the conception of reality in physics
that resulted from Maxwell’s work as "the most profound and the most fruitful that physics has experienced since
the time of Newton.”
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heuristic argument on the velocity distributi®h.

If a great many equal spherical particles were in motion in a perfectly elastic
vessel, collisions would take place among the particles, and their velocities would
be altered at every collision; so that after a certain timevieevivawill be divided
among the particles according to some regular law, the average number of particles
whose velocity lies between certain limits being ascertainable though the velocity of
each particle changes at every collision.

Prop. IV. To find the average number of particles whose velocities lie between
given limits, after a great number of collisions among a great number of equal parti-
cles.

Let N be the whole number of particles. Lety,zbe the components of the ve-
locity of each particle in three rectangular directions, and let the number of particles
for which x lies betweencandx -+ dx, beN f(x)dx, wheref(x) is a function ofx to
be determined.

The number of particles for whicplies betweery andy + dy will be N f(y)dy;
and the number for which lies betweerz and z+ dz will be N f(z)dz where f
always stands for the same function.

Now the existence of the velocitydoes not in any way affect that of the veloc-
itiesy or z, since these are all at right angles to each other and independent, so that
the number of particles whose velocity lies betweendx+ dx, and also between
y andy+ dy, and also betweenandz+dz is

N f(x)f(y)f(z)dxdydz

If we suppose th&\ particles to start from the origin at the same instant, then
this will be the number in the element of volurfixdydz after unit of time, and the
number referred to unit of volume will be

N ) F()(2)

But the directions of the coordinates are perfectly arbitrary, and therefore this
number must depend on the distance from the origin alone, that is

f) (@) =0 +y*+7).
Solving this functional equation, we find
fx)=Ce™,  @(r?) =C3eM .

If we makeA positive, the number of particles will increase with the velocity,
and we should find the whole number of particles infinite. We therefore rAake
negative and equal tealz, so that the number betwegmandx+ dxis

2appendix 10 from Emilio Segrs book Maxwell’s Distribution of Velocities of Molecules in His Own Words
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NCe /% gx

Integrating fromx = —oo to X = +0, we find the whole number of particles,

1
NCyTa = N, thereforeC = —— ,
VT ; a/m

f(x) is therefore

1 e_Xz/az
a./Tt
Whence we may draw the following conclusions:—

1st. The number of particles whose velocity, resolved in a certain direction, lies
betweerx andx -+ dxis

1 2,2
N———_e X/%°gx
a./Tt

2nd. The number whose actual velocity lies betweandv-+ dvis
1 2702
N vZe V% dy
asy/m

3rd. To find the mean value of v, add the velocities of all the particles together
and divide by the number of particles; the result is

. 2a
mean velocity= —

VT

4th. To find the mean value of, add all the values together and dividey

3
mean value of? = ~a? .

2

This is greater than the square of the mean velocity, as it ought to be.



Chapter 3

Basic principles of statistical mechanics

3.1 Microscopic states

Classical phase space: Classical phase spads 2f-dimensional space

(QLQZ,--wa, pla pZ?"'apf)'

Hereq; arepositional coordinatesp; aremomenta f = 3N for n independent particles in 3-
dimensional space. Each point corresponds maicoscopic statef the system. The simplest
Hamiltonian of such a system is

’7{ Z_+E ql q27 7Qf>- (31)

Motion of the system is determined by the canonical equation of motion,

. 0H . 0H
bi=—aq 9= gp (i=12....1). (3.2)

The motion of thephase poinP; defines the state at tinte The trajectory of the phase space is
called thephase trajectoryFor a given initial conditions at sonte-to, 0o = {Qjo}, Po = {Pjo}
the phase trajectory is given by the functiap&, go, po), pi(t,do, Po)-

For a conservative system energy is conserved,

H(a,p) =E. (3.3)
Thus the orbit belongs to the surface of constant energy.
Exercise: Analyse phase space for a one-dimensional harmonic oscillator and find the de-
pendence of its energy on the amplitude..
Quantum states: Quantum stategy, are defined by the Scabdinder equation
Hy =y (1=12...). (3.4)

They are determined by tligiantum numberdNe will discuss quantum systems later.

21
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3.2 Statistical treatment

Fundamental assumption: Let A be a physical quantity dependent on the microscopic state.
In classical mechanics,

A(d, p) = A(P).
In quantum mechanics,

A= [ i (dg) = A,

Here (dq) = |‘|J-f:1dqj. The observed value (in a macroscopic sen8g)s must be a certain
averageof microscopicA,

Aobs:A_~

Realization probability of a microscopic state: Let M be the set of microscopic states which
can be realized under a certain microscopic condition.r&hakzation probabilitythat one of the
microscopic states belongs to the elem@ntof the phase space is defined as

/ F(PYdr, (AT € ).

AT

The probability that the quantum stdtes realized is defined as
f(l), (leM).

f is usually called thelistribution functions
The observed quantity is given by the formulas

Aops=A = /MA(P)f(P)dr,
A = S Af(). (3.5)
M
Statistical ensembles: great number of systems each of which has the same structure as the
system under consideration. It is assumed that

Aobs= ensemble average Bf= A.

Example — ideal gas: The phase space consists of spatial coordinatesd momentp. In
thermal equilibrium, at high temperature, and for a dilute gasMarwell distributionreads:

2
f(p) = (anlqu)‘l/zexp[— Zn';’m} , (3.6)

whereT is the absolute temperatures the mass of a molecule, akg is the Boltzmann con-
stant.
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General properties of statistical distributions
Statistical independence: For twomacroscopi@andnon-interactingsubsystems,
f12dp12dg*? = f1dpPdgV) f,dp?dg? - fia=fifs.
Statistical independence means o
A2 =AAy,
whereA is any physical quantity. Thus, for amyditive quantity,

A=SA;.
J

If one defines the fluctuatiodhA = A — A_\ then

2 N
o - ((3on) ) - 1007
]

As a result,

A 2\1/2 1

(a2 1,
A VN

Liouville theorem: Consider a set of instancds,to, ...,. The states at that instances are rep-
resented by the point8,,P2,...,. The Liouville theoremstates that the distribution function

f(p,q) is time-independentndeed, in the absence of external forces, the state must be station-
ary, and for the phase-space points one has

div(fv)=0 — i{%}m» ignw]—

Expanding derivatives we get

of of f miaﬂ
Zl [q oq plapl] i; Lkli op;

According to the Hamilton equatioB.(Q),

g | 0p;
R _|_ - —
oq  opi
Thus f
df of of
- = 0. 3.7
dt i; {q oq plapl} (3.7)
According to the Hamilton equatio{2) the sum can be rewritten as
of of of 0H of 0H
i~ + ———————| ={f,H}. 3.8
E&lqaql 'mdpl ,E;{aq.an 6p.0q] {70 (38)

This combination is called thieoisson bracket
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Role of integrals of motion  Sincelog f (p.q) must be (i) stationary, and (ii) additive for macro-
scopic subsystems of the system,

log f1o =1log f1 +log fp,

it depends only oradditive integrals of motionE(p.q), total momentun®(p,q) and angular
momentunM (p.q). The only additive function is thinear combination,

-

log f(p,q) = a+BE(p,q) +Y-P(p,q) +5-M(p,q). (3.9)

Here in the equilibrium the coefficienfs y andd must bethe same for all subsystems in the
closed system. The coefficieatis defined from the normalization condition. Thus, the values
of the integrals of motion completely define statistical properties of the closed system. In the
following we assume that the system is enclosed in a rigid boxPaad, M = 0.

3.3 The principle of equal weight and the microcanonical en-
semble

An isolated systerafter some time reaches the equilibrium. The energy of the sy&egeisfixed
with some allowancedE. In a classical system the s@f (E, dE) is the shell-like subspace of
the phase space between the constant-energy surface#s+de and# = E + 6E.

For quantum mechanics, it is a set of quantum states having energies in the iBteral<
E +OE.

The principle of equal weight: In a thermal equilibrium state of an isolated system, each of
the microscopic states belonging#é(E, E + dE) is realized with equal probability:

1-1

f(P) = constant= [/ ar| Pe M(E,OE),
E<H<E+OE
1-1
f(l) = constant= [ Z 1l l € M(E,SE). (3.10)
E<E <E+8E |

This distribution is called thenicrocanonical ongthe corresponding ensemble being called the
microcanonicall

The microcanonical ensemble represents an isolated system which has reached thermal
equilibrium.

1Some other additive integrals of motion besides the energy can be important.
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Classical limit (OE — 0): One can take a set(E) on the surface of constant energy. Then All
the phase trajectories are concentrated at the surface

H(p,q)=E,
and the distribution function can be written as
f(P) = const o[ (p,q) — E]. (3.12)

To determine the constant we have to calculate the integral

D(E) — /drB[}[(p,q)—E] (3.12)

which is calledthe density of statesee below. It is very convenient to use the finite-width layer
in the phase space and to transform variables f{qgyg} to the element of surface defined

by the equality# (p,q) — E, and to the coordinate along the normal to this surface. Then the
energy is dependent only on the coordinatand

_out

dE dn= |0#|dn.
on
Here )
1/2
0 \% [0 \?
05 - [;{(ij) (29 }] | @.13)
Consequently,
dodn
dr 3[#(p,q) —E] = Wé(n)-

Then one can perform integral overand introduce the distribution over the constant energy

surface,
1 do do
f(P)do=—— 2% DE)= / do | 3.14
o= 5o OO | e o 344
An average is then given by the equation,
— 1 A(P)do
A:—/ . 3.15
D(E) Jo—e |0OH| ( )

Ergodic theorem: Originally, Agpsis assumed to béme averagef A(p;). The ergodic theo-
rem can be formulated as

Atime average— Aphase average

Actually one can deduce the principle of equivalent weight from this theorem.
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The finite allowance of the energydE: In quantum mechanics, the energy of a system has
uncertainty,

wheret is the length of the observation. The statistical treatment is still possible only if the set
M [E,dE > (3E)qu| contains many quantum states.
If the system occupies only a single quantum state, statistics is not applicable.

3.4 The thermodynamic weight of a macroscopic state and en-
tropy

Variables defining a macroscopic state: One can choose the energy(with allowancedE),

the numberda, Ng, . .. of particles of various kinds, the volurveof the box which contains the
system, and other parameters.. which specify external forces. Thus the Hamiltonian depends
on those parameters{ = H[E(JE),Na,Ng,...,V.X,...]. In a classical system one can tend the
allowancedE to 0. It is effectively true also for a quantum system provided the measuring time
is long enough. Then the following definition do not dependin

Thermodynamic weight: In quantum mechanics, the total number of quantum statés, 5&,N,V, x)
of the possible quantum states for the set of prescribed values

E(éE), Na,Ng,...,V.X, ...
is calledthe thermodynamic weiglf that particular macroscopic state. Namely

W(E,3E,N,V,x) = S 1. (3.16)
E<E (N,V,x)<E+08E

In classical mechanics it is defined as a limit of quantum statistical mechanics
dr

W(E, 8E,N,V,x) = /E<}[(N7V7x)<E+6E h3(Na+Ne+-)NAINg! ... " 317
Hereh is the Planck constant.
Statistical definition of entropy:
S(E,Na,Ng,...,V,X,...) = kg logW(E, 3E,N,V,X). (3.18)
This relation is calledhe Boltzmann relation while the constant
ks = 1.38x 10723 J/K (3.19)

is called theBoltzmann constantTo convince yourself that the statistical definition of entropy
(318 is compatible with thermodynamics one has to check thermodynamic rel&tions.

Note that allowancéE does not affect the value of the entropy
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3.5 Number of states and density of states
Let us chose the energies to be non-negative,
O<E1<BEx<....

The number of states between 0 & calledthe number of states of the system:

M(E,N,V,x) = 1. (3.20)
O<k <E
In classical mechanics,
dr
F(E, N,V,X) = ~/O<5{<E hs(NA+NB+"')NA! NB! . (321)

State density:

D(E,N,V,x) = %F(E,N,V,x). (3.22)

If allowancedE is small,
D(E,N,V)3E =W(E,3E,N,V,X).

Correspondence of classical and quantum mechanics:lt is important to keep in mind

(i) Uncertainty condition,
ApAg ~ h.

Because of that the classical phase volusfiecorresponds tal /hf quantum statesf(is
the number of degrees of freedom,;

(i) Indistinguishability of identical particlesit is an important features of Bose and Fermi
statistics. In the classical limit— 0 it leads to a facto/ [; N;!.

We shall come back to that point later discussing quantum statistics in more detail. Though the
factor 1/N! arises only from quantum statistjdss necessity has been understood much earlier
to make the entropgxtensive quantity.

After definition of number of states

Another definition of entropy: Another definition of entropy can be formulated through the
probability distribution. For a closed system, the distribution function can be written as a function
of the energy,fi = f(E). Then the required number of states in the rediok + dE can be
written asD(E) dE, while the energy probability distribution is
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Since [ P(E)dE = 1and?(E) is centered near the average energy,

P(E)AE ~ f(E)D(E)AE ~ f(E)W = 1.

Thus _
S= —klogf(E) = —k(logf(g)). (3.23)
The distribution functiorf is constrained by the normalization condition
z f(E)=1. (3.24)
|

The latter inequality follows frorstatistical independencéndeed]og f (E;) must be an additive
function of the energy (in general, also of other additive integrals of mo@mdM ),

logf(E)=a+pBE.

As aresult
log f (E ): (logf(E)) Zﬁ log f(E).

This expression is written fayuantumstatistics. In theslassicalstatistics one has to remember
the normalization factajh’ MiNj 11-1 for the thermodynamic weight. Thus one has to replace

f| — {hf HNJ!} f(p,q)
J

in the argument of the logarithm to obtain

/dl‘qulog[ <|‘|N,> ] (3.25)

The entropy, defined in this way, agditive.

Physical significance of entropy: Let us start with the microcanonical distribution,

d? = constx d(E—Ep)- |_| dra
a

= constx 3(E —Ep) - [](dla/dEa)dEa

(after replacemerdl ;/dE; — Al 3/AER)
= constx 3(E — Eo) €>[| dEa/AEa.
a

HereS=5,S, E=,Ea. _

Partial entropyS(Ey, Ep, . ..) must havemaximum at E; = E,. Since these values correspond
to theequilibrium statethe entropy of a closed system in a state of complete statistical equilib-
rium has its greatest possible value (for a given energy of the system).
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The law of increase of entropy: If a closed system is at some instant in a non-equilibrium
macroscopic state, the most probable consequence at later instants is a steady increase of the
entropy of the system.

This is thelaw of increase of entropgr the second law of thermodynamidsis law has been
formulated by R. Clausius (1865), its statistical explanation was given by L. Boltzmann (1870).
It has a character of assumption which cannot be rigorously proved because the equations of
mechanics aréme-reversible

If the entropy remains constant. the process is caedrsible if it increases the process is
calledirreversible

3.6 Information

The definition of entropy in EqI3(23), is directly related to the definition of the information
measure. As an example consider pingbability distributionfor the number of ‘eyes’ that come
up when throwing a fair die. The probabilities of the six possible stdie$?),...,|6) are f,
withi=1,...,6. Small variation®f;, lead to a variation irs as defined in.23. The maximal
value ofSmay be found, taking into account thenstraint(3.24), using aLagrange parameter

kB)\Z
6 6
0 - a(s—kBA.l)=a(—_Zkailnfi—kBA_Zfi)

6
fi
= —kg <In fi+—+7\) of;
i; fi
= fi=exp(—1-A) = fi= é . (3.26)

Here we have chosenso thatf; satisfies the constrairiB24). We see that requiring thiafor-
mation entropyto have its maximum value leads to the result that 1/6, independent of—as
expected for fair dice.

When we throw two dice, we have many more possibilities. As before, the *first’ die has
the possible state§i)}, withi=1,...,6. The other die has the statég)} with j =1,...,6,
of course. Counting the eyes for the pair of dice we have 36 possible outcgags with
a =1,...,36corresponding to the statgkl), |12),...|66). With the argument developed above
we will find that f; = 1/36. It is important to note, however, that te&tistical independenaaf
the two dice allows another approach.

The statesa) = |i)|j) are in a product space of the two independent statesd|j), much
in the same way that the position of a point in the plane (x,y), is given in terms of the
independent coordinatesandy; or with our notationr) = |x)|y). The process of throwing the
dice yields eyes that are statistically independent, and the probalkijlityhat the first die has
eyes and the second hpsyes is the product of the probabilifyfor the first die to show eyes
and fj, which is the probability that the second die shaveyes:

fa = fij = fifj statistically independent (3.27)
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It follows that the entropy of the combined system may be written

S = —kg)h) fijInfij =—kg ) fifijInf;f;
%'J 1) %'J |
= —kBZfi|nfiij—|——kBij|nijfi
[ ] ] [
= S+,

where we have used that probabilities are normalizgd; = 3 ; fj = 1. We conclude that the
(information) entropy of a system consisting of statistically independent parts is the sum of the
entropies of the parts. Entropy is an extensive property, i.e. entropy is proportional to system
size.

3.7 Normal systems in statistical thermodynamics

Asymptotic forms for the number of states and state density:

() When number of particlebl, or the volumeV tends to infinity, the number of states in
normal systems approach the following asymptotic behavior:

I ~expgNW(E/N)] or expVY(E/V)],
[ ~expgNY(E/N,V/N)] or  expVQ(E/V,N/V)], (3.28)

and
>0, ¢>0, yY’">0. (3.29)

(i) Therefore
or ,
D(E) = E-Y exp(Ny) >0,
)

— = ~ yZexp(Ny) > 0. (3.30)

Entropy of a normal thermodynamic system: For a normal system, theatistical entropy is

S=klog[D(E)AE] ~ klogl' (E) = kNy. (3.31)

It is proportional toN, or toV.
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Thermodynamic quantities

4.1 Temperature

Consider 2 bodies in a thermal equilibrium which are in thermal contact with each other but are
isolated form the surrounding, i.e. form a closed system. Since both the energy and entropy are
additive, we have

E=E1+Ey, S=SE;)+SE).

In the equilibrium the entropy has a maximum with respect to the parameters of subsystems.
ConsequentlydS/dE; = 0. Form this equality we get

ds ds , ds d&
dE; dE; ' dE dE;
ds  dS

= 48 dg O

Here we have used the energy conservatton: E — E;. As a result,

95 _ s
dE;  dE°

Theabsolute temperature is defined a3 = dE/dS or, more rigorously,
T = (dE/dSyVv 4.1)

which means that the voluméis kept constant. In the equilibriuriy = To.

The previous argument may be generalized to a system consisting of many parts. At equilib-
rium one concludes thaS/dE has the same value everywhere. Therefore one finds that absolute
temperaturd’, defined as the change in the (equilibrium) entropy with energy is independent of
position for a system in thermal equilibrium; it is also the same for two systems in equilibrium
with each other, for example for a liquid in equilibrium with its vapor. In EfI( we have ex-
plicitly written that the change is to take place at a fixed volume. Volume changes are discussed
in the sectiof.3

31
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Now let us discuss the case when the bodies and not in an equilibrium with each other,
T1 # T,. During the equilibration the entrofy= S + S must increase,

ds _ ds ds
dt  dt = dt
dS dE; dSdE

= dEdt Tagat Y

Since the energy is conserved,

ds (dSl dSZ) dE; ( 1 1) dE

dt ~ \dE; dE/ dt T T/ dt

0.
T -

If T, > Ty, thendE; /dt > 0, dEy/dt < O - energy passes from bodies at higher temperature to
bodies at lower temperature.

The temperature is measureddiegrees Kelvinthe number of Joules per degree is catlesl
Boltzmann constansee Eq.[3.19. Below we omit the Boltzmann constant in all the formulas.
Then the temperature is measured in the units of energy. To get custom formulas one has to
replaceT — kgT, S— S/ksg.

4.2 Adiabatic process

Consider ahermally isolatedsystem undetime-dependenfiorce A, the classical Hamiltonian
being# (p,q,t). Thermally isolated means thaf is dependent on the coordinates and moments
of the molecules belongingnly to the body in question. If the force is purely mechanical (we
ignore the feedback to the force source from the system under consideration), then one can apply
the law of increase of entropy to the body in question.

Let us then assume thatvaries in timesufficiently slo and expandiS/dt in powers of
dA/dt. Up to the lowest order,

ds dr)? ds  dA
_— = R — —_— _— = _
dt dt dA dt
Indeed, the 1st power is absent because entropy must increase with time. We obtain that at
dA/dt — Othe entropy tends to Beindependent. Thus, tfeliabatic procesappearseversible

Using adiabatic process one can calculate mean values. For example, let us define the ther-
modynamic energy as

E=7H(p,qgA).
SincedH (p,q;A)/dt = 0H (p,q;A) /ot (that follows from the Hamilton equation),

dE _ d#H(p,g;A) _ 07(p,g;A) dA
dt dt N dA dt

Lcomparing to the relaxation time of the system
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On the other hand; is a function of the entropys, and of external parametey, Thus
dE /OE\ dA
dt — \ oA /gdt’

04 (p,q;A) _ (OE
oA A)g

As a result,

4.3 Pressure

We have already mentioned that both the entropy and the energgditese quantitiesi.e. they
are proportional to system size, and therefore do not depend chdpefor systems in thermal
equilibrium. We may consider the entropy to be a function of ene3dy), or equivalently the
energy to be a function of the entrofi(S), for the closed system, i.e. in the case when we have
no external system or medium. Let us consider below the case where the system does not take
part in a macroscopic motion. Then the enelgis equal to thenternal energywhich we will
denote adJ. Thus, in our casé) = H(p,q).

Now, consider a process in which the wall of the container magkabatic i.e. slowly
enough for the system to stay in internal thermal equilibrium. A fér@ets from the contents
of the system on the container wall surface elemést, If the container wall moves a small
distanceor, then work is done on the surroundings givendy = F- dr. This work must be
equal to the change of the internal energy of the system. Consequently, the force acting on a
surface elemerdsis

po 9%(pgr)  (oU\ _ (oU)\ oV (U
B oo \or)g \ov/gor  \ov /g

The magnitude of the force per arésis calledthe pressure,

ou

Combining definitions of the temperature and pressure, one can write

dU =T dS-PdV. (4.3)

This relation is often callethe first law of thermodynamicd he pressures of the bodies in the
equilibrium are the same (to preserve mechanical stabifty).
It follows from Eq. @.3) that

ouU ouU
- (5), (&), @

2This property can be violated imetastablestates.
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The first law @.3 can be rewritten as

1 P
ds_?du+fdv, (4.5)

P 0S

=== . 4.6

7= (%), 9
It the microscopic expression for the entropy is known, this equation allows one to calculate the
equation of stateonnecting®, T andV.

and it follows that

4.4 Equations of state

As we have seen, the systems like liquid or gas in an equilibrium can be described by state
variables like temperaturg, pressurd®, or total volumeV. They are not independent since the
variables in equilibrium related by an equation of state. Usually it is taken in the form,

P=P(V,T). (4.7)

Thus, only two variables can be assigned independently. The equation of state can be obtained
either from experiment, or from microscopic theory.

An ideal gas oN particles obeys the equation of state

P=NT/V =pT (temperature is measured in energy units) (4.8)

Herep = N/V is the gas density.

For one mole of the gald equals to the Avogadro’s numbii = 6.023x 1023 mole L. If T
is measured in Kelvin, theh — kgT, and the equation of state for 1 mole reads

P=RT/V, R=Naks=8.314J(K-mole).

Includinginteractionbetween particles in a simple approximate form leads to more realistic van

der Waals equation,
NT N\?  Np 5
_V—bN_a<\7) “Topp ¥ (4.9)

The itembp in the denominator take care of particle repulsion at small distances, while the term
[ p? allows for particle attraction at relatively large distances.

The phase diagram of real gases can be obtained from the equation of state. In general, it has
the form shown in Figd.1l We will come back to phase transitions later where various phase
diagrams will be discussed.
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! Critical point

Figure 4.1:Phase diagram of a real liquid-gas
system.

T

4.5 Work and quantity of heat

Consider a closed system that consists of two parts — the ‘system’ and the surroonediiugn
or ‘heat bath Fig. 4.2
First consider the situation in which the system is thermally insulated from the medium. If
the volume of the system changes®y then the medium, which is has a pressBréequal to
the pressure of the medium), performerk on the system.

ri

J

SE=8R || - P SE=50+8R

9 bV : \ : &v

Figure 4.2:A closed system consisting of a heat bath surrounding the system of interest. (a) —
The surroundings work on a thermally insulated system by changing its voludé. Byhe work

done by the system 8V = —P3dV. The increase in energy of the systendis = dW = —PJ3V.

(b) — The walls of the system conduatatand in the process of changing the volume of the
system the heaQ enters the system, therefore the energy chang¥ is- Q + dW. Together

the system and the surroundings form a closed system

SR=-P3V SR=-P8V

Z : ]

=P

We assume thatv > 0 when external forces produegrk on the body in question, while
W < 0 if the body itself produces work. One obtains

dw/dt = —PdV/dt

when the volume changes in time. For a reversible process the pressure ntbhst dsmme
throughout the body.
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If the body isnot isolated thermally, then

dE _dw  dQ
dt  dt = dt’
whereQ is theheatgained or lost by the body per unit time. Heéfas understood as a whole

energy of the body including macroscopic motion. For the body atEesjuals to thenternal

energyJ. In this case, I iy
= P

dat  dt dt
Assuming that the body is in an equilibrium corresponding to its energy and the volume at
the instant, one can plk=U(SV),

du dS _dv

at dt Car
Thus do ds

Note thatdQ anddW are notcomplete differentials.e. that they depend on the way in which
the states of the system change in time.

One can imagine the situation when the pressure and temperature are constant throughout
the body, while the state is non-equilibrium (say, chemical reaction in the mixture). Since this
process igrreversible one gets the inequality

dQ ds

T,

dt =t
instead of Eq.4.10). If the systems goes from one equilibrium state to another equilibrium state
through some non-equilibrium states, than

(4.11)

5Q < T&S. (4.12)

This relation can be considered as a form of second law of thermodynamics.

4.6 Thermodynamics potentials

4.6.1 The heat function (enthalpy)

If the process occurs at constant volurd® = dU. If the pressurds kept constant,
dQ=d(U+PV)=dH, H(SP)=U+PV. (4.13)

Since
dU=TdS-PdV, dH=dU+PdV+VdP,



4.6. THERMODYNAMICS POTENTIALS 37

one obtains
dH=TdS+VdP. (4.14)

Thus,
T =(0H/3S)p, V = (dH/0P)s. (4.15)

As a result, if the body ithermally isolated and the pressure is kept consttr@n

H = const

4.6.2 Helmholtz free energy and thermodynamic potential (Gibbs free en-
ergy)

Consider the work on a body in a reversible isothermal change of the state,
dW=dU—-dQ=dU—-TdS=dU-TS =dF, F(V,T)=U-TS. (4.16)
F is calledthe (Helmholtz) free energy. Since
dUu=TdS-PdV, dF=dU-TdS-SdT

one obtains,
dF = -SdT-PdV. (4.17)

Thus,

S=—(0F/oT)y, P=—(0F/dV)T. (4.18)
SinceU =F 4TS

0 F
—F_ —_T2( 2
U=F-T(0F/dT)v T (OTT)V'

Thus, if we knowany of the quantities, U(SV), F(T,V), or H(S P), we can determinell the
remaining thermodynamic quantities. Thus F andH are called thehermodynamic potentials

with respect to their variables.
We still miss the thermodynamic potential with resped®f®. Introducing

G=U-TS+PV=F+TS=H-TS

and using the equality
PdV=d(PV)-VdP

we obtain
dG=-SdT+VdP — S=—-(0G/dT)p,V = (0G/0P)T. (4.19)

If there are other parameteps,the expression

Ni dA;
IZ i OA;
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should be added to all thermodynamic potentials. In this way we can obtain the expressions for

the averages,
A,_aﬂ(p,q;k)_(aj) _(6_H) _

If the parameterd; change slightly, the changes in the thermodynamic potentials are equal if
each is considered for the appropriate pair of constant quantities,

(QU)sv = (0F )tv = (8H)sp = (0G)Tp. (4.20)

This statement is calleghe theorem of small increments.
Since du dv ds
at "Car <t
at constant V and T we getdF/dt < O, while atconstant P and T dG/dt < 0. Thus at the
equilibrium the thermodynamic potentials reach minima with respect to the variations of state
with proper constant parameters.

4.6.3 Dependence on the number of particles
SinceSandV areadditivethe internal energy can be written as
U =N f(S/N,V/N)

since this is the most genett@mogeneoukinction of the first order ilN,SandV. In a similar
way,
F=NTf(V/N,T), H=NTf(S/N,P), G=NFfRT).

If one considerdN as a formal independent variable, then all the thermodynamic potentials ac-
quire additional termgdN, where

= (o)~ (o)~ (&), - (&)
pis calledthe chemical potential. We easily find thaG = NW(P, T). Thus

du= —(S/N)dT + (V/N)dP.

If one considers the volume is constant, but the number of particles as a variable, the independent
variables are, say,, N. Then it is convenient to introduce the new thermodynamic potential,

Q=F-uN=F-G=—PV.

Then
dQ =-SdT-Ndu
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Sometimes2 is calledthe Landau free energy. The number of particles can be expressed through

Q(T,V,u) as
(), (2),,
O/ 1y o)ty

One can show that if 2 bodies are brought together and they can exchange by particles, then

M1 = 2

We can summarize the thermodynamic potentials in the Eallle

Thermodynamic potential Notation | Independent variables Differential
Internal energy U S V,N TdS-PdV-+pudN
Heat function (enthalpy) H S PN TdS+V dP+pdN
Helmholtz free energy F T,V,N —SdT—-PdV+pdN
Gibbs free energy G T, PN —SdT+V dP+ pdN
Landau free energy Q T,V, 1 —SdT—PdV—-Ndu

Table 4.1:Thermodynamic potentials (summary)

4.6.4 Derivatives of thermodynamic functions

The quantity of heat which must be gained in order to raise the temperature of the body by one
unit is calledthe specific heat. We get for the cases of fixed volume and pressure, respectively:

Cv =T(8S/dT)y, Cp=T(dS/dT)p.

Another important response functions are ¢benpressibilities,

1/0v
KX—-\-/(a—P)X (X—V,P, OI‘S),

o L(
IRACIVIS

Usually, pairs of thermodynamic variabl€sv andT, P are mostly used. ¥ andT are used
asindependent variableghe results can be expressed through the specifictg& T) and
through pressurB. If we know theequation of state, P(V, T), then we can calculate everything.

Similarly, if P andT are used as independent variables, the results can be expressed through
the specific hea®p (P, T) and through the equation of stAte=V (P, T).

As an example of such derivation one can find the relation bet@peandGCy, considering
the internal energy as a functionl andV. Since

oU ou
ras= () am+ [P+ (5) | ov

and thethermal expansion coefficient
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we obtain assuming the pressure to be constant

oo+ (3)) (3),

Let us also demonstrate how one can obtain relations between second derivatives of thermo-
dynamic quantities. Since
oF
S=—( —
aT /v

we have
(0&) R R (0_F> .
o Jy ovoT oVoT?2 aT22 \ 0V /¢
Now, since 5
+= (%),
we get finally

v\ _+ 0°P
(a_V>T_ (W)v

Consequently, this derivative can be calculdted the equation of state&Similarly,

0o\ g (B
oP ) \aT2)p’
that van be obtained using Gibbs free energy instead of the Helmholtz one (prove!).

Calculation of derivatives from the equation of state

The calculations are based on the so-caMetkwell relations. Consider a thermodynamic po-
tential, 7 (X,Y), which depends on the independent varial{e¥. Then,d¥ can be written
as

Since

’F %71
0XaY  dYaX
one obtains
oR\  [ORy
(5.~ (),
Example:

(@), (3s),

Other important relations (see derivation in Appendix A) arise from the properties of partial
differentiations. Consider 3 quantitieX, Y, Z, related by the equation of stag(X,Y,Z) =
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const. We can considet, Y as independent variables, whide= Z(X,Y). Another way is assume
Y,Z to be independent variables, whi¥e= X(Y,Z). The relations between the derivatives of

theses functions read ax oy 57
<a—v)z(a—z>x (a‘x)f‘l’ 4.22)

0X AN
(57), (5%), @29

Any quantity ¥ (X,Y), the differential of which can be expressed as

_(oF oF
df = <6_X)Y dX+ (6_Y)X dX.
From this expression we get
0F\  [(o0F oX
(52),~ (&), (&), @28

().~ (), * (&), (50). 29

Equations [{.24), (4.29 together with Eqsl4.22), (4.23 and the Maxwell relations are usually
used for transformations and computation of derivatives from the equation of state.

and

4.6.5 Examples

(@)= av ar), = (o). = (For),

Here we have used the realtidk = —SdT— PdV. Similarly,

(@)= (o), (), = (For ),

Internal energy:

Entropy:

(59, (52), -1 (50,

Here we have used the realtidd = T dS— P dV. Similarly,

(), 15 +(57),
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ouU ov
(a—T)P—CP‘P(ﬁ)P'

One can also obtain the following relations (prove!)

Cp—Cv = (TV/Kr)a?; (4.26)
Kp—Ky = (TV/Cp)a?; (4.27)
Cp/Cv = Ki/Ks. (4.28)

4.7 Principles of thermodynamic

4.7.1 Maximum work and Carnot cycle

Consider a thermally isolated system consisting of several bodies not in thermal equilibrium, see
Fig.[4.3 The system may do during establishment of equilibrium. This work, as well as the final
equilibrium state, depend on thencrete way which the system follows.

Let the total original energy bEg while the energy in the final equilibrium state BgS).
Since the system is thermally isolated,

W| =Eo—E(S), 0|W|/dS= (9E/dS), = —T.

HereT is the temperature in the final state. Since the derivative is negative, thedewekses
with increasingS. Since the entropy cannot decreabe greatest possible work is done when
the entropy retains constant throughout the process. That means the reversible way.

Now let us consider two bodies with different temperatuffes; T;. If one brings the bodies
into thermal contact, no work will be done since the process is irreversible. The entropy of two
bodies will increase b&E)(1/T1 — 1/T,) wheredE is the energy transfer. To get a maximum
work one has to accomplish a reversible cyclic process in a way to keep the bodies among which
the direct energy transfer takes place at the same temperature. For that purpose one needs a fur-
ther body(working medium). The working medium at temperatufgis brought in contact with
the “heater” and receives some energy isothermal. It is then adiabatic cooled at the temperature
T1 and then adiabatic returned to the original state. The cyclic process is callédriheat cycle

Carnot discussed a process that has four stages:

1. The heat engine, at temperaturg is brought into contact with the reservoir Bt, and
receives the amountdE; isothermally

2. The heat-engine is removed from thgreservoir, thermally isolated and undergoes an
adiabatic expansionntil its temperature is decreasedlio

3. The heat-engine is put in thermal contact with Theeservoir, and gives off isothermally
the energyOE; at temperaturd.

4. The heat-engine is removed from thigreservoir, thermally isolated and undergoes an
adiabatic compressionntil its temperature is increasedTe. The cycle is then, and the
four stages may be repeated.
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IR |

Figure 4.3:A thermally isolated system contains two parts at different temperatured:. The

two parts are connected via a heat engine that may perform the Wgrtan the surroundings
outside the system. as the system approaches equilibrium. (a) — Initially the energy of the system
is Ep. (b) — Finally the two parts have the same temperaiyr@nd an amount of work was done

on the surroundings. The energy of the equilibrium system is a unique function of efE(&py,

Both E andSdepends on how the equilibrium state was reached.

The heat-engine performs work on the outside world during expansion, and receives work during
contraction.

To calculate the work one can ignore the working medium for which the initial and final
states are the same. Since

-0y =-TdS, dM;=T10S, 0+ 08S =0 (reversible process)

we obtain
To,—Th
T

|OW|max= —0U1 — = —T10S — T2 0 = — (T2 —T1) 0 = |aU>], .

Consequently, thenaximum efficiency = |W|/(dU2) is
nma)(: (TZ—T]_)/TZ < 1

Lord Kelvin realized that the Carnot cycle may be used to defirabanlute scale of temperature

— the scale used here. Since the efficiengax < 1 it follows that there is a lower limit of
(equilibrium) of zero. The Kelvin scale therefore has a natural fixed point, absolute zero. Since
Nmax depends only on the rati® /T,, there is an arbitrary scale factor that is fixed by setting

T = 27316 K for the triple point of pure water. With this scale one degree on the Celsius scale
equals one degree on the Kelvin scale.
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Work in an external medium

Consider a body embedded into a large external medium hawiggT, Py # P whereT,P are

the temperature and the pressure of the body. Since the medium iSdaagd Py are assumed
to be fixed. We are interested in the maximal wikKax done by the thermally isolated body.
This work is equal to theninimalwork Wi, done by an external source on the body. The total
change of the interf@kenergy AU consists of the three parts

(i) mechanical workV done by the external source;
(i) the workPyAVp done by the medium;
(iii) the heat-ToAS gained from the medium.

Thus
AU =W+ PR AV — T AS.

Since
MNo+AV =0, ASH+AS>0

W > AU — ToAS+ Py AV .
For a reversible process,
We come to the following conclusions.

(i) If the volume and the temperature of the body remains constant and eqUgl tteen

(i) If the pressure and the temperature of the body remains constant and eBgianidTo,
respectively, thelVmin = AG.

(i) If no mechanical work is done and the body is left itself, the irreversible processes lead to
the inequality
AU —ToS+PyV) <O0.

One can relate the minimal wo¥\,i, with the deviation of the total entrody from its equilib-
rium valueS (Uy). Indeed,

DU -ToAS+RAV (T —To)AS— (P—Poy)AV
dU, To - To ‘

To reach maximum entropy one should require- T, P = P.

3We assume that there is no macroscopic motions as a whole.
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4.7.2 Thermodynamic inequalities. Thermodynamic stability

The vanishing of the 1st derivatives of thermodynamic quantities, though provide conditions for
the equilibrium, likeT; = T, P1 = P, is only anecessary condition for an extremum and do
not ensure that the entropy reaches the maximum.siffieient conditions require analysis the
second derivatives.

As we have stated, the quantity

AU — ToAS+ Py AV

has a minimum. Thus
oU —TpdS+PydV >0

for any small deviation from the equilibrium. Thuse minimum work which must be done to
bring the selected part from equilibrium to some other state is positive.
Now we can expand the internal enetdyS V) in powers of the variables,
ou ou 1[0%U 02U 02U

6U—£68 N 6\/-|— 082(68) 086V686V a\/2(6\/)

The 1st order terms providedS— P&V, and we have

0°U 0°U U _
¥ (59)2 —asavésév a\/2(6\/) > 0.
SincedSanddV arearbitrary, one has to assume
0°U
g > O (4.30)
0°U
V2 > 0, (4.31)
2U0 [ 0% \°
0 ov2 (asav) 0. (4.32)
Since
U _(oTy _ T
0% \dS/y O
we obtain from Eq.4.30
C/>0
In a similar way,
0°U oP 1
~——=—|(z=] =>0.
ov2 oV /s VKs

From Eq. @.32 one obtains

o\ T
/s VKO
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After some algebra (see the book by Landau and Lifsk22) one can get from Ed4(32) the
inequality
oP
— 0.
(GV)T )
Here we have calculated the conditions fisérmodynamic stability.

4.7.3 Nernst's theorem

As we know, for normal systens— O atT — 0. This statement is called tidernst's theorem.
If it is true,
Cp=Cy=0 at T=0.

One can obtain similar equalities for= 0,

(0V/0T)p = —(0S/0P); =0 (Maxwell relation forG)
(0P/oT), = O
(Co—Cv)/Cp = 0.

The following useful formulas follow from the Nernst’s theorem:

T
s = [ (©/mat,
0
T
H = Ho+/ CpdT,
0
T T
G — Ho+/ deT—T/ (Gv/T)dT.
0 0
4.7.4 On phase transitions
The equilibrium between the phases requires

Ti=T, Pi=P, Ww=\.

Along the the co-existence curve between gas and liquid,

Hg(T,P) = (T,P), dig(T,P) =du(T,P).
Introducing entropy per particle= S/N and volumev =V /N we get

—SdT +vgdP=—s5dT+Vv dP.

()i
dT coexist Vg —Vi T(Vg_vl)’

Consequently,
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wherel = T(sy—§) is the latent heat. This is tf@ausius-Clapeyron equatiofrrom the equa-

tions of state for gas and liquid phases one can find the depenBéh¢along the coexistence

line. The latent heak depends on the temperature and vanishes at some temperatukeé

T = T, the two phases become identical. So the entropy changes continuously while its first
derivatives change abruptly. We shall come back to phase transitions later in much greater detail.
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Chapter 5
The Gibbs Distribution

5.1 Spin3 in a magnetic field

Let us start with a simple example. Consi8lenoninteractindocalizedparticles with spirb= %
embedded in an external magnetic field The Hamiltonian is

E=—-m-H=—-mH, m=2uS,
K= e/2mcis the Bohr magneton. Sin& = +3

E1(1) = FHH.

Denotingn,(|) as numbers of states with spin up(down), respectively, we get for the energy

E:—u(nT—nl)H, (51)
with the normalization condition
N=n;+n,. (5.2)
The total magnetic moment is
M=p(n;—ny).

Under the assumptions of timeicrocanonical ensembli@ e. with fixed total momenm), the
thermodynamic weight for the system is

N!
- nT!nl!'

The numbers;(|) can be expressed in terms®fandM. Using the Stirling’s formuldl

logn' ~nlogn—n+1 at n>1 (5.3)

lwhenN >> 1 one can replac§, = ONInnas 3 Inxdx= NIn(N/e).

49
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we obtain
S=NlogN —n; logn; —n, logn, .

Now we can express the quantities in terms of the energ given by Eq.E.D) as

o HNSE
() — 2UH
consequently,
1 0S 1 HHN+H 1 n
T <6E>N 20H CYUHN—H ~ 2uH 9n, ©4)
Thus,

uH 6M) N2 1
M = Nutanh—, =(==) = .
Htani X (aH T cosR(uH/T)

X is called themagnetic susceptibility.

Now let us define the same relations from ttaonical ensembla. e. assuming that the
temperature is fixed by a thermal contact with a “thermal bath”. Since the energy cost for one
spin flip

nT—>nT—1, nl—>nl+1
is AU = 2uH and the entropy change is
| |

N! N! nT
AS=| i —|
o —Dim + D1 Iyt~ 09n 1

we obtain
ASN 1 | nT

—~—Io :
AU T 2pH 9n,
That must be equal to the inverse temperature, and we recover previous results.
The previous results can be summarized as a distribution function

N H
Ng=—e P 7= Z ePeo—2 coshu—. (5.5)
21 0=T.! T

Heref =1/T. We have

- 1 _ uH

— Bes —

€= — 2 €€ 79 =—pHtanh—, U =NE¢.
A T

Now there exisfluctuationsaround the average energy which are absent in the microcanonical
ensemble.

Exercise: Calculate the fluctuationin energy,? — E2 and compare it with the internal energy
E = Ne. Show that the difference is small for a macroscopic body.
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5.2 The Gibbs distribution

Eq. &5 is the particular case of th@ibbs distribution. If there is a body, embedded into a
medium, the microcanonical distribution can be written as

dwO 3(E+E' —E©)drdr

where superscript “prime” relate the quantities to the medium. If one fixes the body in a given
staten, then the probability to find the body in this state is

f D/é(E +E’—E<°>)dr’—/5(E +E'—E<°>)d—r/dE’—/ﬂ5(E +E —EO)dFE
n n a " del " ) A '

(E)
w(s)
E'=EO)—E,

Now let us consider the body as very small comparing to the medium. Then

dS(E©)
dE®O

As aresult,

En<E®—~ SEO-E)~SED?)+E, =S(EO)—E,/T.

Finally,

1
— —BEn — _BES —
fn_Ze , Z_Ese , B=1/T.

In a classical system,
1
— —egBE(pO) — [ @ PE(p.)
f(p,q) ~e . Z /e dr.

Note that in the derivation we use the Hamiltonian of the whole system.

The Gibbs distribution is relevant for a body in an equilibrium with a large medium - “thermal
bath”.

If the systems consists of non-interacting particles which have eigenenegg®h state
being degenerate liy times, then we arrive at the single-particle distribution function,

_ 9 —pen _ —Bes
fn—zle : Zl—nge :

HereZ; is thesingle-particle partition function

The Maxwell-Boltzmann distribution
Derivation from the Gibbs distribution

Consider a system of non-interacting particles. Dividing the total energy into potential and ki-
netic parts,

E(p,a) =V(q) +K(p)
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we can write

f(p,a) = fq(a)- fp(p)
fy - g&mw</3qgwm0;

fy — eﬁmm/(/dpgwwv_

For non-interacting particles the single-particle distribution is

fp(p) _ (ZTU.nT)—?:/Ze—(p)Z(—O—pg-Q—p%)/ZmT.
Exercise: Show that the average kinetic energy per ator%ﬂ‘ls

Statistical derivation

Consider particles with energy levelsand degeneracy factgr, N = 5 n;. Heren; is the number
of particle occupyingth level. If the particles arglenticalanddistinguishablehe total number
of microstates for a given state specified by the{sef is

g
_ 1 _ .o
W = NI Tor E_IZn|s,.

The easiest way is to use canonical ensemble which specifies the temperature. Let us consider
the transition fromjth toith state,

n—n+1, nj—nj—1.

Then
AU =TAS=¢ ¢, (5.6)
while
" ni—1 . Nj
gt g g'9) gin;
AS=log— —log= = =log———. 5.7
Smrnim—1! Fnint g+ ®.7)

Comparing EqsH.6) and £.7), we get

ginj _ eB(Siij)
gj(ni +1) '

Thus we arrive at the same result wih= Z; = 3 0i e P& whereg; aresingle-particleenergy
levels.
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Expressions for thermodynamic quantities

Average single-particle energy:

£E=— Zsi ge P = _—6|0%E1([3) , U=Ne.

Entropy: Since the entropy is given by the relation
S=—(logfy)=— fnlogf
n ; n n

we obtain in general
S=logZ+U/T.

The same result can be obtained from single-particle consideration. distinguishable
particles we have

S = IongNIogN—NJrZ(ni loggi — ni logn;)
|

Q

N logN — Zni Iogg =NlogN — Zni <Iogzﬁ1 —Bsi)
] |

— NlogZ;+U/T =logZ) +U/T =logZ+U/T.

Here we employ the fact th&t = ZlN. If the particles arenon-distinguishablethem one
has to divide the thermodynamic weight Ry to obtain

)

Z_m,

S: _ng(fslog fs— fs)
S

Helmholtz free energy:
ZN
F=U-TS=-TlogZ=-T |ogN—1I

This formula is fundamental in thermodynamic applications of the Gibbs distribution. Us-
ing this formula one can express the Gibbs distribution in the form

fo=e B(F—En)
5.2.1 The Gibbs distribution for a variable number of particles

If the body can exchange by particles with the medium, one has to specify the particle num-
bers,N andN’, respectively, so thatl + N’ = N(©. Both the entropies and energies become
functions onN, N’. As a result, we get

fn O exp[S(E(O) —En,NO —N)] .
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Next, we expand the entropy up to the 1st orddEjq andN. Since

S 0S
(m)w =F (a—N)U,V =B

S(E® —Emw,N© —N) = S(E© NO) —BEN+ BuN

(due to the assumption of the equilibrium, the temperatures and chemical potentials of the body
and the medium are the same). Thus,

fon = Aé3(HN—EnN) .

we get

The normalization constaitcan be expressed through the thermodynamic quantities. Since

S=—(logfun) = —logA—BuUN+BE — TlogA=U-TS—puN=Q,

we obtain
fony = eB(QFHN-Enn)
Since
foy = &0 <eBuN eBEsN) _1
G2 = ey
one obtains

Q=-T Iog% (eB“NZeBEsN> .

Remember that for classical system\bhon-distinguishable particles one has to use the classical
Hamiltonian# ({ p,q; N}) insteadEny, the phase volume element being

1 N
——=aa | |dpda,
e ||

while for distinguishable particles there is no facigN!. Hered is the dimensionality of the
real space.



Chapter 6

|Ideal gas

6.1 Classical gas
Having in mind quantization in a box,
Pn(r) = sin(kkx) - sin(kyy) - sin(kzz) , k=m/L (nn=12...)

we obtain

R® 2 2.2
& = W(nx+ny+nz).
Thus,
00 3
Y z o~ (BR*T?/2mL?) (ng+ng+ng) (}/ dme—(BﬁzTrz/ZmLZ)&) :V//\3. (6.1)
Ny, My,Nz 2) -
Here Lo
A = (2rBR2/m) " = Ry/2n/mT O T-%/2

is thethermal de Broglie wave length. Another way to obtain this result is to use the continuous
limit one can write 2
d°p 2
Z =V / e Pp?/2m,
) e

It is very convenient to introduce tliensity of states

(PR (m? (2m)?"?
=0 iorgy® (5 o) —0Come VE=DOVE. Do=gin . (62

Hereg is the degeneracy factor of the state with given momemuxow, the integral is easily
done, to get

21:VDoﬁ/ vxe Xdx=V/A3.
0

Introduction of the density of states helps in calculation for different systems.

55
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Exercise: Calculate the partition function for two-dimensional gas.

Thermodynamic quantities

Now we proceed with thermodynamics:

F = T IogzN—ll\!l:—NTIog(V//\3)+TIogN!; (6.3)
P = (g—5> | :%:pT (p is the gas density) (6.4)
= (g—z) ~-—T Iog—_TIogP?/\3 (6.5)
u = aaBIogZ—gNT (6.6)
G = N 6.7)
S = _(Z_!I:—)V,NZI gﬁ—'\i+¥—N[g—logp/\3} (6.8)

Something is wrongthe entropy and the specific heat does not vanish at zero temperature.
Indeed, the classical statistics is applicable only at

A3 < 1. (6.9)

This inequality is violated at low temperatures. What was wrong in out derivation? We implicitly
assumed thatne state can either be empty, or occupied only by one particle. Indeed, according
to Eq. [6.9), the number of stateg /A3 is much greater than the number of particlesl. Only
because of this assumption the equality
, 2

N!

holds.
If the particles have internal degrees of freed@&nwith the energiesy, then the free energy
acquires an additional item,
5F = —TNlog Z e Pec

Ideal gas with a constant specific heat

In many important cases the specific heat can be regarded as temperature-independent. Using the
Stirling’s formula for large number of particledN, > 1, we can write the Helmholtz free energy
as

F=—-NTlog

eV eV
7B€k = JE— = — "
N/\3Ze ]_ NTlog—; +Nf(T). Gy=-NTf(T),
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the assumptio®, = constT) leads to the expression
f(T)=—cyT logT — T +¢o,

wherecy = Gy/N, while { andgg are integration constantg is called thechemical constant
We get,

Neg+ Noy T

Neg+NT logP —Noy T logT —NZT (sincePV =NT);
= U+PV=Ngy+NcpT;
= Nlog(eV/N)+Noy logT + ({c+o0ov)T
= —NlogP+NcplogT + ({c+cp)N.

n L O C

As a consequence, we can derive Basson adiabatici. e. the relation betweevi, P, andT
for adiabatic expansion of compression of ideal gas with constant specific heat. Since

—NlogP+ Ncp logT = const

one obtains
T®/P=const — TYP"V=const y=cp/oy.

Here we employed the relatiosp — oy = 1 (prove!) which is valid for the ideal gas. Since
PV =NT
TVW1=const PVY=const

Polyatomic gases
Vibrational degrees of freedom

If any internal motion of the molecules is present, then the potential energy of the molecule po-
tential energy can be expanded in powers of the mechanical displaceyfiemsthe equilibrium
positions,

My
V=¢g+ ; a0 Ok -
i =1

Herer, is the number ofiibrational degrees of freedom. If the molecule contamestoms, then

the total number of degrees of freedon8Bis If the atoms in the molecule am®llinear, there

are 3 translational degrees of freedom (for a molecule as a whole) and 2 rotational degrees of
freedom, while3n— 5 modes are left for vibrational motion. If the molecule is not a collinear
one, therry, = 3n— 6. The kinetic energy depends on @i momenta. Consequently, the total
energy and be written as

E=¢&+ f||<paq)7

wheref (p,q) is a quadratic function d3n momenta an®n — 6 (or 3n— 5) vibrational coordi-
nates. Thus we have the total number of variablesn — 6, or| = 6n—5. For a monoatomic
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gas the total number of variables is 3 because coordinates do not appear in the expression for the
energy. As a result, we obtain,
e. e—EO/T f
= [dre (p.a) .
o fareteo
Now we can transform the variables as
p=pPVT,a=dvT — fu(p,a)=Tf(p.,q), dr =T"2dr".

In this way, we get

F=—-NTlog

F=—NTlog <AV_B80T'/2/N> .
Expanding the logarithm, we get
ov=1/2, cp=ov+1=(1+2)/2.
Thusa classical gas has a constant specific h&&le can formulate a rule:
Each degree of freedom contributes T /2 (or KT /2 in ordinary units) to the average energy.
Monoatomic ideal gas

Let exclude the kinetic energy of translational motion and label atontimsic levelsasg,.

Denoting
Z= Z e P

eV
F=—NTlog {WZ} = —NT log

we obtain

eV / mT 3/2Z
N \ 2rh? '

In the simplest case, when the atoms are in the ground state with zero angular moment and spin,
L = S=0, thenz = e P% whereg, is the energy of non-degenerate ground state. Starting the
energy scale fromg we obtain:

Z=1 oy =3/2, c=(3/2)log(m/2mf?).

These results were obtained by Sackur and Tetrode in 1912. If only one of the angular momenta
is non-zero in th ground state of the atom, then the situation is rather simple. Usually, in a ground
stateL = 0. while the total spin can be finite (e. g. vapor of alkali metals). Thea (2S5+ 1)
instead of 1, ands = log(2S+ 1). If both momenta are non-zero than there is a fine structure
in the levels which can be compared with the temperature. If we label the energy by the total
angular momenturd, then

Z= Z(ZJ +1)e P

since each level with a gived is (2J + 1) degenerate with respect to directiondsJof This
expression can be simplified at high temperatuggs T, whene P& ~ 1. Theny;(2J+1) =
(2L+1)(25+1) and

(sL= Iog[(28+ 1)(2L + 1)] .
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Diatomic gases

In this cases additional rotational and vibrational degrees of freedom must be taken into account.
Under some approximation, the energy can be written as sum to electronic, rotational, and vibra-
tional contributions. In the simplest case of a singlet electronic state

1\ R
gvk = €0+ oy v+§ +§K(K+1).

Here hoy is the vibrational quantumy is the vibrational quantum numbek, is the rotational
guantum numbet, = rg mymy /(M 4+ M) is the inertia moment of the molecule. Thus,

z = eP.z,.2,

[oe]

AN ; (2K + 1) e PPK(K+D/2
=0

Zp = %e—Bﬁw(v—i—l/Z)‘

V=

As aresult,

F=—NTlog +Néeo+ Fo+ R -

eV [/ mT \¥?
N \ 2rh?
The 2 last terms are defined according to the definibgp = —NT log Zy. Introducing the
translational contributions to the specific heat and chemical constant as

ZC = Ztr + Zrot + Zvib 9 Ztr = (3/2) Iog(m/zrﬁz) )
v = Ctr+crot+cviba Ctr:3/27
CP = Crr+Crot+Cvib+1'

As an example let us consider the case of large temperatures,'nvb:eﬁz/ZI. Then one can
replace summation by the integration to obtain

Zi = / (2K +1)e PPRICD2 —oT /R, =1, Lo=log(2l/P).
0

In this case
Cv :5/2, Cp = 7/2.

In the opposite limit it is sufficient to retain the first two terms,
W= 1 3¢ BT/

to obtain . )
Fo=—3NTeP™/! ¢, =3R?/IT)23e /T,
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Note that above expressions are valid only for the molecules wittiffezentatoms.

If the atoms are equivalent, then at large temperatures two opposite directions correspond
to the same physical state. As a result, the rotational partition function must be halved. The
guantum case is more difficult and we do not discuss it.

Thevibrational degrees of freedom can be easily accounted by direct summation of geomet-
ric series. Using the lowest vibrational level as the origin for the energies, we obtain

Ly = [1_e_8ﬁw]7
F. — NTlog [1—e—Bﬁ‘°},
hw
S, = —NIog[l—e‘Bﬁw}nLNeBEw_l,
hw

Uvib — va

(Bﬁw)zeﬁﬁw
Cb = ~——5.

(1)

The graphs for the rotational and vibrational contributions to the specific heat are shown in
Fig.6.1

11 / [
0.8 L Figure 6.1: Contributions to the
0.6 / specific heat from rotational (1)

' // and vibrational (2) degrees of free-
0.4, /J dom. Temperature is measured in
021 2/ 1 units ofA?/2l in the graph (1) and

'/ in units ofhw in the graph (2).
0 0.5 1 15 2

Reduced temperature

Exercise: Calculate approximate expressions for the case of low and high temperatures and
discuss their physical meaning.
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Quantum Gases

Statistics of identical particles
Considem indistinguishable particles moving in a common potential,

A2

n N ~ y
H=y H, 9= 2L +V(R).

Herep; = —ih[J; andf; ore operators for the momentum and coordinate of-tieparticle. Let
us denote single-particle eigenenergies@nd the states aj,

H(ri) = exWi(ri) -

Specifying the total wave function &g = [7; W (ri) we obtainEs = ; & since the Hamiltonian
is the sum of independent terms.

Now we have to use the concept that the particles are indistinguishable. Introducing the
permutation operatoP which interchanges-th and j-th particle,rj «<» rj. Then, one has to
require

7P| =0, or PHP =3
According to the quantum theory, the proper many-body wave function mustdigeastate of
the permutation operator, A
PLPS — pLPS

Since double permutation is just the identity operd®r= I, we get
pPP=1 — p==+1.

The particles withp = 1 called thebosons while the particles withp = —1 are called the
fermions

The antisymmetric wave function vanishes if two particles are in the same state. This property
is calledthe Pauli principle.

Example: Particles in a Harmonic Potential: Ignoring zero-point vibrations we haweg =
nhw, n=0,1,2.... Then

[ee]

1
Zi=5 X"=-—"— x=e P
& 1-x

For the Maxwell-Boltzmann (MB) statistics we have

z: 1 1

ZMB:__ )
2. 721 2(1—x)2

Note: The produthf contains 1 configuration where 2 particles occupy the same state. By
dividing this product by 2! we ascribe the weight 1/2 to this configuration. This procedure is
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wrong from the point of view of quantum statistics. Indeed, bosons are allowed to occupy the
same single-particle state, so the the diagonal term

must beadded with the weight 1/2.

1
s N el

In a similar way, the diagonal term must aebtracted for Fermi-Dirac (FD)statistics,

1
ng:zyB_ED, — ZhP=

X
A1)

The difference is negligible fat — x < 1 (large temperature).

The Fermi-Dirac Statistics

This statistics is based on tRauli principle
Each quantum state cannot be simultaneously occupied by more than 1 particle.
The particles obeying the Fermi-Dirac statistics are calleddfraions

Derivation from a grand canonical ensemble

Consider the system of particles with single-particle leeelBsnd degeneracy factogs. If the
state is occupied, then there are ogjy- 1 states at thé-th level for the second particles, the
number of available states for two particles begp@i; — 1)/2. The factorl/2 appears because
the particles are non-distinguishable. Rpparticles we have

0!
Y=g

Now we apply the conventional approach. Namely, consider a transitienn; + 1. The energy
change i;, the change in the particle numbedBl = 1, while the entropy change is (prove!)

g —n g —n
AS=log=—— =~ )
9 n+1 o0 n;
Since
TAS=AU —uUAN =g —
we obtain

9 _ _BEw o9
ni =¢ n'_eB(ei—u)+1'
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As a result, the probability for a staitéo be occupied is
1

T SE W1

the normalization condition (which determingsbeing

o
N=20%=3 gewi1

Derivation from the Gibbs distribution

f (6.10)

Consider the particles belongingitth state. We have the general expression
Qi = ~Tlog§ M) — _Tlog§ (b)) (6.11)
| > > ()

Now, sincen; =0 or 1, we get

Qi = —T log (1+ e<f3“—€i>) . (6.12)
The following way is standard:
_ 0Q; 1
fi=n=— TR CETIER (6.13)

The total Landau free energy is

Q=-Tlogy (1+ eF*(“—Ei)) . (6.14)

The Bose-Einstein distribution

For bosonsthe number of particles occupying any state caratimtrary. A proper picture is
0 boxes separated by — 1 walls. To count the number of configurations one can count the
different grouping ofyj — 1 walls andn; bosons. As a result,

nl+gl ) gi + N
_|i_| .

N

— AS=~ log

Consequently,
o1 (6.15)
|—gi _eB(Si_“)—l' .

We can derive this expression also from the general fornfufBl by performing summation

overn; from 0 toc. Using the properties of geometric series we obtain,
Qi =Tln (1— eB(“‘Ei)> . (6.16)

Again, we recover the expressid®ll) asfi = —0Q; /0. It is worthwhile noting that Eq[.15)
is applicable only if
f-g) -1 - pu<o.

We immediately recover the Boltzmann distributioma g; by replacing(n; + g — 1)! by gi”‘.
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6.2 Ideal gases out of equilibrium

Let us assume that we label the states of the system by the substtrgtiegeneracy factor and
the occupation number dth state being; andn;, respectively. Then the sénh;} describes the
state of the system if it is also out of equilibrium. Since the particlesnalependent

W = Ii_lAri

For the Boltzmann gas one can plaaehof n; particles in one of the possibig state. Then the
number of different physical configurations is

AT =g"/n!. (6.17)
As a result,
S=InW =Y In(g"/ni!) = 5 (nilngi —Inni!) . (6.18)
Now we can use the Stirling’s formula to get
S= Z niln(eg/ny) = zgi filn(e/fi). (6.19)
| |

Here we have introduced the distribution functifyr= nj/g; as the probability foith state to be
occupied.

Let us now require that the entropy must be a maximum for the equilibrium state. Then
the problem is to findf; such that the sunb(19 has the maximum value possible under the
restrictions

Z n = zgi fi=N (particle number conservation) (6.20)
| |

zgi nj = Zgiai fi=E energy conservation) (6.21)
| |

Requiring that
0(S+ BN —BE)/0fi =0,
one obtains
g(—Infi+a+Pg)=0 — f=ePle) (6.22)

For the Fermi gasnot more than on@article can be in each state. Thus one has to count the
number of way to filln; states frong; available ones, andl'; = g;! /n;!(g; — n;)!. Thus

S:—Zgi[filn fi+(1—fi)In(1—f;)]. (6.23)

Again (Check!), requiring this expression to have a maximum under condiio?® and 6.2
we arrive at the Fermi-Dirac distributioB.(L3.

For the Bose-Einstein statistics one has to calculate the number of ways of distrilyuting
particles among; states. This problem can be mapped on the problem of distribotidgntical
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balls amongg; urns. Let us imagine that the latter are separated bg; byl vertical strokes
placed at intervals along the points. For example, the diagram

represents 10 balls among 5 urns{&s3,0,4,2}. The total number of places (occupied both by
strokes and points) is thég; +n; — 1). The number of configuration is just the number of ways
to chooseg; — 1 positions for the strokes. Thullh; = ((gi +n1—1)!/ni!(gi — 1)!, and

S= Y gi[(1+ fi)In(1+fi) — filn ] . (6.24)

The expression®(23 and £.29) tend to the Boltzmann formul&(19 atn; < g; since

g!'~(g-m'g", (G+n—1)!~(g-1!g" at nm<gi.

Finally, let us specify the expression for the entropy of Bose g&satl since we will need this
expression later to discuss the Bose condensation. Weftigve ni(gifl)/(gi —1)! and

S= Zgiln(efi). (6.25)

6.3 Fermi and Bose gases of elementary particles

For elementary particles we have

= — =(2s+1).

e=2—, 9=(2s+1)

Hereg is the spin degeneracy. Thus the equation for the chemical potential has the form, see
Eq. 6.2,

Vede 3/2/ zdz

0o PEWr1 et

stands for bosons. In a similar way,

N
v :/dsD(s) =gDo

Here “+” stands for fermions while

Q:qEVDoT/ de Ve log (14 -?)) :—§VD0/ dee¥/2 £ (g).
0 0

The second inequality is obtained using integration by parts. We recognize that

=—(2/3) Zgisi fi= —(2/3)/O D(e)ef(e)de = —(2/3)U. (6.26)
|
SinceQ = —PV we arrive at the following relationship:
PV = gU :

3
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This result holds also for Boltzmann distribution.
Using the substitution of the variables= 3¢ we observe that

wheren is a function of a single variable. Since

Q=—PV=VT2n(wT),
s__1 a—Q and
VooVAaT )y,

1 (OQ)
V Ao/ 1y
the ratioS/N depends only on the ratjg/T.
If the process is adiabatic, th&= const, andi/T must be constant. Consequently,

<|lz

VT32—const PV53=const T%2P= const

The exponents, however, have nothing to do with the ratio of specific hgatsy, since the
conditionscp/cy = 5/3 andcp — oy = 1 do not hold any more.

Equation of state

The equation of state can be written in a parametric form:

P(V,T) ©  F2dz
DoT52 /o e BUTV) £ 1’
N(V,T) 7/2dz
V DoT3/2 0 BTV £1°

We have to know some tips to calculate the involved integrals.
In the limiting case of the Boltzmann ga" < 1, one can expand

L enr(ipenra.).

The lowest approximation leads to the Boltzmann value of the chemical potential and to Clapey-
ron’s equatiorPV = NT (Check!). The next term provides proper corrections. From [&@6(
we obtain
gV m/275/2
16m3/2R3
whereQg is the Boltzmann value for the Landau free energy. Substituting the Boltzmann value

for the chemical potential in the second term and using the concegphall increment$4.20)
one can express the free energy as

1
Q~ QBOI (1:F 25/298“> == QBO| +

™2  N2R®
29 VTY2md/2

F == FBo|:l:



6.3. FERMIAND BOSE GASES OF ELEMENTARY PARTICLES 67

Finally, differentiating this expression with respect to volume we arrive at the equation of state:

™2  NR ]

PV=NT |1+
29 V(mT)3/2

1+ (6.27)

The conditions for the correction to be shall is naturally the same as for applicability of the
Boltzmann statistics. Quantum effects behave and an additdinatctionfor bosons and as an
additionalrepulsionfor fermions.

A degenerate electron gas

For electron spin equals to 1/2, age= 2s+ 1 = 2. At zero temperature, one can approximate

the Fermi function
1 N{ 1 at e<p

fle)= Bewyr1 |0 at e>p
Thus there is a maximum energy

Wr-0=&F = pg/2m.

Since
4anp?dp-V Y p?dp

e

we have

\N/ZBEZEH& —  pr=GP)ANNV)ER, e = (3)Y3(N/V)Z3(R?/2m).

Limiting the integration of the absolute value of the electron momenig:-bye obtain

U _ P 3Em)YRR NP
V  1ommR® 10 m\V ’
2/3 R2 5/3
P _ ﬂi(ﬂ) |

5 m\V

To calculate specific heat at low temperatures one has to be able to find temperature-dependent
corrections. Let us demonstrate the way to calculate these corrections. Consider

| — © f(g)de

B /o ehle1 417

wheref (€) is an arbitrary function such that the integral converges. Introducing(e — 1) and
remembering thgp = 1/T we get

°°fu+Tz L [PHf(p-T2 °°fu+Tz
I_T/ @41 _T/o e 241 oz +T/ @41



68 CHAPTER 6. IDEAL GAS

Now we can replace in the 1st integral
1 1 1
eZ+1 7 e+1

to obtain

BH ®f(U+T2)—f(u—T2 ©f(u—-T2
I_T/o (L— Tzdz+T/ a1 dz+/[3uez—+1dz.

The last term is exponentially small sinBg>> 1. Returning to the initial variables in the first

term, we obtain ( )
©f(u+T2)—f(u—Tz
= [ f(e)de+T / dz.
; rerees
At low temperature one can expand the second integrand as

f(u+T2—f(u—T2 =2Tf'(Wz+ %T:*f”’(p) B4

As aresult,

© zdz +ET4 ” © dz

serita TW) gt

. H T[Z 2¢/ 7Tl4 4
_ /Of(e)da-l—ET 1)+ o T (W) 4+ (6.28)

Now we can calculate temperature-dependent corrections to the thermodynamic quantities. Sub-

stituting f (£) = £3/2 we get
m¥/2,/2j1
6h®

| = /O“f(a)de+2T2f’(p)

Q=0Qy-VT?

Since the second term is a small correction we can replaeer in that term. Using the theorem
of small increments we find
(Tt) 2/3m
3 R2’

B 1 ) Vv 2/3
F = FO_EVNT (N) Y
2/3
)

2/3
c - yNT(%) T

€F

A degenerate Bose gas

The chemical potential of bosons is negative. It is given by the equation

N g(mT)%?2 © /xdx
vV~ ozere Blu), 1(2)= o @1’ (6.29)
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It increases with the temperature decrease and reaches zero at the temfgrgitter by the
equation

N To)¥/2

— = M_](()) .

vV 2l2eRd
(x

Sincel(0) = (v/1/2){(3/2) wherel(x) is the Riemann'g-function,

3.31R2 (N)2/3

Y @lrm\v

To v

From Eg. £.29 we obtain

(BTo)*2 = I(BIW))/1(0). (6.30)
The ratio¥ (z) = 1(z)/1(0) is plotted in Figl6.2 The dependence of the prodis versus3To
can be easily found graphically from this plot.

R

Figure 6.2:Plot of the ratio (z) =
I(2)/1(0). Chemical potential can
be found by graphical solution of

Eq. 6.30.

What happens &t < To? The above equation is based on replacement of the summation over
discrete states by the integration. This is not true for bosons because thegntinsen the
ground state witlgy = 0. We omit this term in our integration becaug&y = O for the ground
state.

As aresult, afl < Ty the particles witre > 0 are distributed according to the BE distribution
with =0,

gV ede
T o1/2RR3ele — 1
The total number of such particles is

gn’?/ZV m_\/EdE_N I 3/2
21/212R3 Jo o1 To ’

Ns>0 =
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i)

particles are in the lowest state with zero energy. The energy and other thermodynamic quantities
can be obtained from general expression for Bose gas by puttn@. In this way we obtain
(check!)

The remaining

U = 0.770NT(T/To)%?,

Cv = 5U/3T,

F = U-TS=—-(2/3)U=Q (sinceg p=0,

P = —(dF/dV)T = 0.0851gn?/?T52 /RS, (6.31)

Thus atT < Ty the pressure i§] T%2 and it is volume-independentThe reason is that the
particles in the condensate do not contribute to the pressure.

6.4 Black-body radiation

Electromagnetic radiation which in a thermal equilibrium is calledilaek-body radiation It

can be expressed as gas of non-interagimgons. To achieve the equilibrium, photons must
interact with some amount of matter which is able to absorb and emit photons. Thus we arrive
at the situation with variable number of photons, and the chemical potgrgtauld be fixed.
Since the free energy must be minimum

oF oF
= (o), o o

nu=0.

we obtain

The photons are specified by the wave ve&t@the momentum beinfik) and frequenciesy =
ck (the energy beingwy = hck), as well as by polarization. Since photons temsversethere
are 2 directions of polarization, and the one obtains for the density of states

d3k ATk k B W’ dw

HereD(w) = w?/T2c3. In this way we obtain

where
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is called thePlanck distribution. The energy distribution is obtained by multiplication by
(Planck, 1900),

ho® 1
o=V igc o 19
its low-frequency asymptotics is tiayleigh-Jeans law
To?

while the high frequency one,
dE, = Vﬁ—wse‘ﬁﬁ“dw
Tc3 ’
is theWien'slaw.
The thermodynamic quantities can be derived in a usual way, e. g.,
F= T/O D(w) log (1—e‘Bﬁ‘*’> — _40VT4/3c.

Hereo = 1'[2/60h“3’c3 is the Stefan-Boltzmann constant. It temperature is measured in degrees,
then
o = 1k*/60R3c® = 5.67 x 107° g/secded'.

For other quantities we obtain,

S=160T3/3c, U =40VT*/c=—3F, Gy = 160V T3/c, PV =U /3= 40T%/c.

A body in thermal equilibrium with black-body radiation:  Let us denote

1 dE, hu®

PO 4V dw 48 (1)

for the spectral density of black-body radiation per unit volume and unit solid angle. Then the
energy flux density leaving each point of the bodg4s,do dw. Theincidentenergy flux on unit

area of the surface at an an@l¢o the normal is thereforeZ,cosfdo, do= 2msin6d6. Let us

not define theabsorbing poweri. e. fraction of the incident energy absorbed by the body, as
A(w,B). Then the energy absorbed per unit time and surface area is

CELA(w, B) costdo dw.

For simplicity, we can also assume that the body doescuiterradiation and is not fluorescent,

i. e. that reflection occurs without change in the arthénd in frequency. If we also assume
that the radiation does nmmass through the bodwye arrive at the balance equation between the
radiation density and the intensity of emissii{io, 8) do dw in the same direction:

=CcE,Cc088 — auniversal function ofo and8.
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This is theKirchhof's law If A(w,8) = 1, i. e. if the body absorbs all the radiation, it is called
theblack body Then

J(0,0) = CE,cosh, — Jo:/dodooJ(co,e):cU/4V:0T4.

6.5 Lattice Vibrations. Phonons

For small displacement on an atom from its equilibrium position one can expand the potential
energy near its minimal value

VR = v+ (§) R-r+3(Gg) R-Re
é(g%)%(R_R")g*”' 632)

If we expand the energy near the equilibrium point and denote

d2V) (d3v>
— =C>0, —_— =-2y>0

we get the following expression for the restoring force for a given displacexxem — Ry

v )
F = =X (6.33)

The force under the limie = —Cxis calledquasi elastic

One-Atomic Linear Chain
Dispersion relation

We start with the simplest case of one-atomic linear chain with nearest neighbor interaction.
If one expands the energy near the equilibrium point for ritteatom and use quasi elastic
approximation[§.33 he comes to the Newton equation (see Fig. /reff-ph1)

n-7 n n+l
® e . (-+) .
Upy. u, Uper Figure 6.3:
MUn +C(2Un — Un—1 — Un+1) = 0. (6.34)

Lif there is scattering, then the Kirchhof’s law can be formulated only for integrals over frequencies and angles.
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To solve thisinfinite set of equations let us take into account that the equation does not change
if we shift the systenas a wholeby the quantitya times an integer. We can fulfill this condition
automatically by searching the solution as

Up = Ad(dan-ot), (6.35)

Immediately we get
w:wrr{sinq—ﬂ, Wm=2,/C/m. (6.36)

The expressiord 36) is called thedispersion law It differs from the dispersion relation for an
homogeneous stringy = sq The spectrum is shown in Fi§.4 Another important feature is

Figure 6.4:Dispersion law for vibrations
in a one-atomic chain. Periodic character
is clearly seen.

that if we replace the wave numbgas

21y
/ f— —
ad—q=q+ 2’
whereg is an integer, the solutior(35 does not change (becausep(2mi x integen = 1).
Consequently, it is impossible to discriminate betwgeandq and it is natural to choose the
region

T Tt
SSas (6.37)
to represent the dispersion law in the whgtepace. Note that there is tneaximal frequency
W that corresponds to thminimalwave length\min = 21/gmax = 2a. The maximal frequency
is a typical feature of discrete systems vibrations.
Now we should recall that any crystalfisite and the translation symmetry we have used
fails. The usual way to overcome the problem is to take into account that actual nurober

sites is large and to introdu@orn-von Karmanrcyclic boundary conditions

UniL - nn . (638)
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This condition make a sort of ring of a very big radius that physically does not differ from the
long chair® Immediately, we get that the wave numioeshould bediscrete Indeed, substituting
the condition[€.38) into the solution[§.35 we getexp(+igal) = 1, qaL = 2rg with an integer
g. Consequently,

219 L L
(it is convenient to considdr as a large even number). So, for a linear chain, the wave nugnber
takesL discrete values in the interval-11/a, 11/a). Note that this interval is just the same as the

Wigner-Zeitz cell of the one-dimensional reciprocal lattice.

Density of States

Because of the discrete character of the vibration states one can cathelatember of states
D(w), with differentq in the frequency intervab, w+ dw. One easily obtains (check!)

2L 1

/0 — P
It is divergent ato — wy, which is a feature of 1D systems. The density of st&t@s) is shown
in Fig.[6.5

D(w) (6.40)

a2z
dw)
Figure 6.5: Density of vibrational states in a one-atomic
chain. There is a singularity at the maximal frequency that
26 is a typical feature of 1D systems.
(7]

4 Waog

Phase and Group Velocity

Now we discuss the properties of long wave vibrations. At siopale get from Eq.[6.36)

W= sq, (6.41)

Note that for small structures of modern electronics this assumption need revision. Violation of this assumption
leads to the specific interface modes.
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C
S= a\/; (6.42)

is the sound velocity in a homogeneous elastic medium. In a general case, the sound velocity
becomeg)-dependent, i. e. there is the dispersion of the waves. One can discriminate between
the phasés,) and group(sy) velocities. The first is responsible for the propagation of the equal
phase planes while the last one describes the energy transfer. We have

where

S w __|sin(ag/2)
P o | ag/2 |
§ = ’2—(;)‘ =g/coqaq/2)|. (6.43)

At the boundaries of the interval we gs§ = (2/m)s while sy = 0 (boundary modes cannot
transfer energy).

Diatomic Chain. Acoustic and Optical branches.

We use this case to discuss vibrations of compound lattices. The corresponding picture is shown
in Fig.[6.8

Figure 6.6:0n a two-atomic chain.

One can see that the elementary cell contains 2 atoms. If we assume the elastic constants to
beC, > we come to the following equations of motion:

mln = —Cl(un - Vn) - CZ(Un — Vn—l) )
m2\7n — —C]_(Vn - Un) - C2(Vn - Un_l) . (644)
It is natural to use once more the translation symmetry condition and search the solution as
Up = Ay @9y — A gdan-at) (6.45)

After substitution to Eqs.[d,44 we get the set of equations for the constaktsTo formulate
these equations it is convenient to express these equations in a matrix form introducing the vector
A= ( A, Ay ) and the so-calledynamic matrix

G+C  _Ci+Ce ™
p m my
D= N C1+Cye C1+Co (646)

mp my
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The equation foA has the form
w’A —DA =0. (6.47)

This is homogeneous equation; it has a solution only if
defw’1—D)=0. (6.48)

This is just the equation which determines the eigenfrequencies. We get

Figure 6.7: Dispersion laws for
acoustic and optical phonons at
C1=C,=C.

W, = % {1:F , /1—y2sin2a—2q} (6.49)

o (C1+C2)(m1+mz)’ y2:16{( GG }{( MM }

where

- mmp C1+Cp)2 my + mp)?

The frequenciesy; » are real becaudg| < 1. The spectrum is shown in Fig.71 We see a very
important difference with the case of monoatomic chain: there are 2 branghe®r a given
value ofq.
The lower branch is called thacoustic branchwhile the upper one is called thaptical
branch To understand the physical reason for these names let us consider the limits of zero and

maximalg. We get
nd0)=0, )= B\[1- iy,

wWopt(0) = wo, Wopt(TH/a) = % 1+4/1-V2. (6.50)
So, we have the inequality chain

Wopt(0) = Wo > Wopt(T/ @) > Wac(TT/@) > wac(0) = 0.
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Now we can discuss the structure of vibrations in both modes. From the dispersion equation

.47 we get

u Ay Cp +Cyei0a
Pac,opt= (_n> = Iy = 1 2 2 . (6.51)
Vn ac,opt Vv (Cl "‘CZ) — MW5¢ opt
At very long waves@ — 0) we get
117}
Pac=1, Popt=—— (6.52)
m

So, we see that in the acoustic mode all the atoms move next to synchronously, like in an acoustic
wave in homogeneous medium. Contrary, in the optical mode; the gravity center remains unper-
turbed. In anionic crystal such a vibration produce alternatipgle momentConsequently, the

mode isoptical active The difference between acoustic and optical modes is shown i&Big.

Figure 6.8: Acoustic and optical branches of
* vibrational spectrum.

Vibration modes of 3D lattices

Now we are prepared to describe the general case of 3D lattice. Assume an elementary cell with
sdifferent atoms having masseg. Then there are 8cousticmodes with frequencies vanishing
atq— 0. At low frequencies they correspond to acoustic waves in an elastic media. One mode is
alongitudinal while two others ar¢ransverseones. The res3s— 3 ones are theptical modes.

Specific Heat of Crystal Lattice

From the classical statistical physics, the average kinetic energy per degree of freedom is
e=T/2,

the total energy being
S_: gpot+ e_kin = 28_kin-

As a result, the total energy is
U =3Np &, = 3RT,
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whereR is the Rydberg constant whildy is the Avogadro one. As a result, the specific heat is
ov = 3R=5.96cal/K-mole.

This relation is violated at low temperatures as far as the temperature becomes less than the so-
calledDebyetemperature (which is for most of solids is within the interval 100-400 K), namely it
decreases with the temperature decrease. To understand this behavior one should apply quantum
mechanics.

First let us recall the average energy for photons calculated previously. The average energy

_ hw 1

whereN(w) is thePlanck functionThe first item is energy-independent while the second one is
just the average energy of bosons with zero chemical potential.

Now we have to recall that the proper excitations in a lattice are collective vibrapibaspns
the average energy being

U= Zﬁwj Z/ @) hwN(w) do

Herej is the number of the vibration branch.
For acoustic modes we use the so-callbye model Namely, we introduce the average

sound velocitysy as
1 1(1 2
— _+_
S 3(# §)

and do the calculation of the density of states similar to the one for photons. As a result, we get

is

3V ho?

The contribution of acoustic modes to the internal energy is

o
efhw 1

where the so-called Debye frequency is determined from the condition of the total number of
modes to be equal &N for all acoustic branches,

UaC_VDO/ doo

wp
3N =V Do/ W dow.
0

From this equation

o2\ /3 wp
00D—50<?0) ) QD—g
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where 14 is the cell volume. The order-of-magnitude estimate for the maximal wave vastor
is Tt/a. So according to the so-callé2kebye modedll the values ofy are confined in a sphere
with the radiuggp. Usually, theDebye energys introduced as

o2\ /3
O=hwp =hg | — .
“p S0("/0)

The typical value of this temperature can be obtained from the rough estimat® & cm, sy =

10° cm/s. We getop = 1013 s~1, © = 100K. For optical modes, let us assume thgtq) = wjo,

i. e. that frequencies of optical phonons arendependent. Then all the procedure is similar
for harmonic oscillators with fixed frequencies. It is conventional also to introduce the energies
corresponding to optical branches@g = hwjo. These energies (in degrees) are of the order
of 102-10% K. The quality of the Debye model is demonstrated in Bi@ where experimental
DOS for NaCl is shown together with the Debye approximation.

gla) 17
J -
r
2} ,/
/ Figure 6.9: On the quality of the Debye ap-
/ s proximation for the density of states.
[~ 7/
,”’ \
g 5 7
@ - -
Zn 0 ’i‘t’/r !

Finally, we get the following expression for the internal energy

O\ X oyt
= NT [3D( = I :
U=Uo+ 3 (T>+Jz4e@i/T—1] (6.53)
where theDebye functionD(z) is
3 [z x3dx

At high temperatures] > O; (and, consequentlyl; > ©) we getz < 1in Eq. {£.59 and then
expand the integrand in powersxfWe see thafD(0) = 1. The item under the sum sign in Eq
(6.53 are equal to 1, and we get for the sBs+ 3. consequently, we get the classical expression

E=%Fy+3NT
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that leads to the classical expression for the specific heat. At low temperatures we immediately
see that optical modes give exponentially small contributions and we can discard them. At the
same time, we can replace the upper limit of the integréif4) by infinity. Taking into account

that
@ x3dx
0o &—1 15
we get
v T
U=Up+—=
°T 10
that leads to the following expression for the specific heat
Clort (T®
¥~ o)

The Debye model is very good for low temperatures where only long wave acoustic modes are
excited. The acoustic contribution to the specific heat can be expressed through the derivative of

the Debye function. We have
Cac_3 T 3/6/T x*dx
3N T\e/ Jo e-1

Temperature dependence of the specific heat according to the Debye model is show.[Fig.
One can see that really the border between the classical and quantum region corresponds to

L~
c(ﬂ) e

Fhkg A/’

Figure 6.10: Temperature dependence of the
specific heat according to the Debye model.

T < ©/3rather that tol < ©. The physical reason is strong frequency dependence of phonon
DOS. In real life, DOS behavior is much more complicated because of the real band structure
effects.



Chapter 7

Statistical ensembles

We have already discussed the Liouville theorem which can be expressed as

df of . of . of
35 P O

Because of the Hamilton equations, this equation can be re-written as

df of 0H of 0H Of of
w2 oo saan| = e (10=0

Here thePoisson bracketfor the quantities\(p, ) andB(p,q) are defined as

0A 0B 9B 0A
AB =Y |—— .
tAB) .Z[Oqiapi GQiapi]

Thus, for a stationary distribution we hayé, #} = 0. We observe thaany function of the
Hamiltonian#, f[#(p,q)], satisfies the Liouville equation and can be a proper stationary dis-
tribution. Different distributions correspond to differestatistical ensemblés

(7.1)

7.1 Microcanonical ensemble

As an example, we have already considered the microcanonical ensemble. Let aS(@efh&/ )
as number of states with energie< for givenN andV. In the classical mechanics we get

dr
ME,NV) =
ENY) /O<}[<E (2r)3(Na+Ne+-)NAINR! . ..
dr
-/ e OF (POl (7.2)
where
0, x<0
O(x)={ 1/2, x=0 (7.3)
1, x>0

81
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is the Heaviside unit-step function. The many-particle density of states is

dr

D(E,N,V) = aE (2 e NAINg 6[E—}[(p,q)]. (7.4)
Consequently, the normalized distribution function is
1
f(p,Q)—m5[E—ﬂ(p,Q)]~ (7.5)

Since the entropy of a normal system is given by E337), S(E,N,V) ~ logl(E,N,V), we
obtain

1 0 1o D(E,N\V)

—=_—logl = —_— .

T OE FoE M(E,N,V)
Now we can re-derive the equipartition principle for ideal gas as follows. Consider the auxiliary
relationship,

<pn§%f> = /Znﬁ)gNN, h ﬂé(E—}[)

@(E — ) — integration by parts-~

o/ @ msNNl
o/ G ©

Using this relation, we obtain

PR\ _T
2m 2
Another quantity which we shall need later is the so-caliedl
. 0H
— ) UnPn= ) Gn7—-
; nMn ; naqn
For a 3D system wittharmonicpotential energyy 0 ¥ ik QikGi0k, one can easily prove that

(8) = 3NT.

Free particles: Let us demonstrate the general principles using the gas of free particles. We
have to be able to calculate the volume of the hyper-sphere,

/rldpe< Z i ) = (2mE)*N/29), (7.6)
‘Vn:/o:ondne(l—Zx,-2> |

where
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To calculate?/, let us introduce an auxiliary function

Th(R) :/_°:o|_‘|d>qe<R2—zxi2) . Va=Th(1).

consider an auxiliary integral

co N 5
|nz/ dxe X =2, (7.7)

This integral can be also written as

|n:/dr7/neR2, R=5%. (7.8)

Since’IN/n = ThR" we haved‘]N/n = n¥,R"1. Comparing Eqs[T7) and [7.8) we get

o /2
/2 _ AR g T
1k n‘Vn/0 dRR ‘e Vh 2

Consequently, we recover old results,

N N/2
€)= s vy O™
or A TeN/2
0E ~ (2nh)N (3N/2—1)!

5 V / mE \%?
SE) = N{§+Iog N(W) ]},

etc. Then, we recover the equation of state.

(ZmE)SN/Z—l;

7.2 Canonical ensembles
Suppose that there are other than the enérgyegrals of motion,
Ci(g, p) =Cj = const

Since{C, H'} = 0 any functionf[#(q, p),Ci(q, p)] can be a proper stationary distribution func-
tion. Different choice of the system gives rise to different ensembles.
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Canonical ensemble

In this ensemble, the temperature, volume, and number of particles are fixed. Moving along the
lines of Gibbs’ method we have obtained the canonical distribution E&S8c.

1
fi=CePB z=VeP5
| 7 ) Z
In classical mechanics, L
f _ —e PBH(pa)
(p.a)= e ,
whereZ is defined by the normalization condition. Here the temperature is fixed, while the
energy fluctuate around the average enéfgyhe fluctuations are given by the relation

0P = @)= 3y P [y Ee ] 2

192 (10z\?> o [10Z u o,
~ 2o (2as) ~ap o)~ T

Grand canonical ensemble

Now let as allow an exchange by particles with the surrounding medium. Along the Gibbs
method, we have obtained (see SBCZ.])

fo = SBNEw) | = Ni ZeBENl :é BNz,
= =

Again,
1 _ dlog=
U = =5 EnePN-Eng — _ ;
:gs _6[3
S = —gstIongsz—B(uN—U)—IogE.
S

Here we have introduced the average particle number,
N= gN fns = = ; NePHNZy = T a_' (7.9)

Introducing
Q=-Tlog=

N (0_9)
O/ 1y

we get
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Then is becomes obvious thatcoincides with the Landau free energy since
Q=U—-TS—puN=—PV.
It is easy to derive the fluctuation in the particle number (check!),

_ 2
(AN)?2 = (N?) —=N? = —T (%)TV .

The latter expression can be converted into a more convenient form introducing the gas density,
p =N/V, using the expression fox,

N [oP

Voo\ou/

op op oP
2 _ Py _ op oy _
(&) ‘Tv<au)T TV(6P>T<6u)T TheKr

Poisson distribution. An instructive exercise is to find the distribution of the particle number
in a given volumé/ of an ideal gas. Sincéy 0 Ny, e PEni [0 ePNZy we get

p

Then we obtain,

fN:ZTNeB“N, == eB“NZN.
- =0
For an ideal gas,
zZy 1 /v\Y -2 g V g,
ZN :W:W (F) , = = OeB ZN :exp(ﬁeﬁ .
Now, from Eq. [{.9 we have
— Odlog= Y]
N= 0002y anen Lz NN N
oBH
Finally,
N g
fn = me : (7.10)

that is the famou®oisson distribution.

Exercise. Find AN = /(AN2) from the Poisson distribution. Derive an approximate expres-
sion for Eq.[ZI0 atN > 1, [N—N| < N.
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h Figure 7.1:0n canonical ensemble with a fixed pressure.

A

Other ensembles

Consider the canonical ensemble with a fixed pressure rather that volume, the sqeateote
ensemble The system is shown in Fif.1l Here the integral of motion is thenthalpyrather
that the energy. Then we come to the distribution function

1 k?
f S = —— 4+ PAh.
(@.p) =7 €™, Hpo=IH(p.a)+ 57+
Herek is the piston momentum whil! is its massZp is again the normalization factor. Simi-
larly, we can define
0

a _
H=U +PV——6—B|OQZP, V——%ngP-

One can easily check that
G=-TlogZp.

Now we can integrate out the kinetic energy of a piston an reglace dV /A to get

dk 2 dv 2mh?
dh/ 2he W Vi = A A\/ MT °

V
Zo= [ ore PVzWT),
Y

whereZy(V, T) is the partition function calculated for fixed volume and fixed number of parti-
cles. We observe that the pressure ensemble can be considéepthas-transformed canonical
ensemble for fixed volume. Since for an ideal @asO VN the distribution function for the
volume occupied by the gas under a given pressure is

As aresult,

fy = CVNe PPV,

whereC is the normalization constant (find it and express throvibh
We can apply the above considerations to microcanonical and canonical ensembles to obtain
the relation

Za(V,T) = /dE e PED(E),
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whereD(E) is the partition function for the microcanonical ensemble.
To find the energy distribution in the canonical ensemble let us expand the function

U(E) = —log[D(E)e PF] = BE - S(E)
up to the second order in the differert€e- U and using the relation

623_6[3_ >
B2~ e~ P/

we obtain the energy probability distribution as

B(E-U)?

fe O exp{—T} . (AE)?=T%Cy. (7.11)

Exercise. Calculate the normalization constant.

7.3 Ensembles in quantum statistics

Pure and mixed ensembles

Let us consider a particle with sp8= 1/2. Quantizing spin along axis, we find 2 basic states
1 0
m=(g). m=(9).

A 1 A 1
SIn=31 &h=-31.

Consequently, the operatfy in this representation can be expressed as

~ 1/1 O
while the conjugated wave functions are just the strings
(T1=@20), (II=(01).

Consider now the the ensemble where the particles are quantized along different direction. Still
the state can be expanded in eigenfunctions as

Hence,

G) .6
|8) = cos§| T>+sm§\ 1.

Then we easily obtain,
A 1 6 .,6 1
(S) =3 (coszz —sm2§) = 5Cosh.
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This state corresponds to the system polarized along the axis

n = cosbec+sinBey.

Hereeis the unit vector. The operat& in the representation used has the form

~ 1/0 1
= E( 1 o) '
We can easily show that
A 1.
<Sx>_§sme.

The above example where all the spins are polarized along a given axis is cpliesistate. If
the spins occupy different states with a given probability, the ensemble is caiked To see
the difference with a pure ensemble let us consider a system there the probabilities for the states
| T) and| |) are equal. Then, A A
&)= 3 wiil&li) =0,
=Tl

for any direction,(S-n) = 0. For different probabilitiesy; this average is finite, but 1/2. The
maximum is reached only for a pure state where one of the probabilities is zero.

Now we can describe the general picture for a mixed ensemble. The ensemble average is now

(A =3 wililAl).
|
Expanding the statd® is terms of any orthonormal basis,
i)=Y cila)
a
we rewrite the average as

A=Y w ZBCEiCai (BlAja) = ZBABG Pap-

HereAg, = (B|Aa)is the matrix element of the operat@rwhile
Pap = ) WiCpiCai =  Wi(a[i){i|B)
| |

is called thedensity matrix. It can be expressed as a matrix element ofdkesity operatar

p=" wili)i.
|
Now the average can be expressed as
(A) =Tr Ap. (7.12)
For a pure state,
p=w)wl, p*=p,

thus the density operator can have the eigenvalues 0 or 1.
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Density operator for spin 1/2

Any 2 x 2 matrix can be generally expanded in the unit mattiand thePauli matrices

5. — 01 5. — 0 —i 5. — 1 0
*\10)” Y~ \i o) {0 -1)"
In general, we can write,
~ 1.~

wherel is the unit matrix,6 = (Gx, Oy, Gz), while P is called thepolarization vector We can
easily show that Tp = 1 (since Trl = 2 and TrG; = 0). For a pure state one has to require

P = cosDec+sinbey,

while for a mixed ensemble = |P| < 1. P is called the degree of polarization.

Density matrix for thermodynamic ensembles

Since 5
iﬁa|i):ﬂ{|i)
we can show that B b i
P_0op 1a 27
a o TRl =0

Here[A, B] = AB — BA is the commutator which in classical physics corresponds to the Poisson
brackets. Now we can construct statistics similarly to the classical one replacing distribution
functions by density operators. In this way, for canonical ensemble we obtain

1 ~ ~
3— —aBH — Tre BH _ —PBEqa
=_e Z="Tre =)e .

p Z ) Z

The grand canonical ensemble is defined in a similar way,
ﬁ:%gﬂﬁﬂm_

For a microcanonical ensemble, in the representation of eigengtatdselonging toith level
the Hamiltonian can be written as

.‘7A-[= ZEiﬁi, ﬁi = Z|ai>(ai|.

Sincell;M; = &;[; the projection operatdf; commutes with the Hamiltonian. Thus, for the

system having the enerdgy
~ 1 A
pzv—vll_li, W =Trrll;.
As usual,

S=-Trplogp.
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Examples

Spin 1/2 in a magnetic field:

N

H = —u-B=—uBoyg,

wherep is the magnetic moment. Since

pir < (—B
et = = cosh(BuB) + o,sinh(BuB)
3y et z
(here we employ the fact thag = 1, 621 = g,) we obtain
Ll oai 1o o
p=ze ™ =3 [1+ 6 tanh(BuB)] , (o) = Trpd, = tanhBuB.

A free particle in a box with volume V:

~ 1
H=p/2m — (rpl) =5 3 (I (p'le /2y (pir').
p.p’

Since 1
(o) = €M7 (@ P2Mp) = e PR

we get

3 3/2
_1 / %e—sp%zw(i/ﬁ)p-(r—r/) :%( m ) / o (/2B

From the normalization conditions we obtain

7 7 \% 1 12 /A2
_ —BH __ 3 —BH |\ N _rir— A
z=Tre ¥ = [@re ¥y = Vo rlplr’) = o e



Chapter 8

Fluctuations

In this section we discuss some additional aspect regarding fluctuations.

8.1 The Gaussian distribution

Let us consider a closed system described by a microcanonical ensemble.
Assume thak is some quantity of the subsystexa; 0. At this point entropy has a maximum,

2
g—i =0, g_x§ <0.
Thus one can expand
$%) = S0 v
the normalized distribution being
w(x) dx= \/;e‘yxz/zdx. (8.1)
As
() =y, (8.2)

we can write the result (the so-call&€dussian distribution) in the final form

1 NG
w(x) dx= Wexp(—m> dx. (8.3)

As x is small, for any quantityp



92 CHAPTER 8. FLUCTUATIONS

For severa(n) variables we have
W= Ag™ Tk VikX/2, /W [1dx=1.
i

The last equality determines the normalization constar this way we get

W(x) = (2;1/)2/2 exp(—% %Vikxixk) ,  y=det{yi}.

Now let us definghermal conjugates

0S
Xi = —a—xi = ZYIka-

The average$xXy) can be easily calculated:

(XX = /2 Z / XiYkiX exp(—— vaqxpxq> ﬂ

One can prove that it is equal &, @

(X X¢) = Oik .
From that we get
i) = (F Dk, (XiXe) = Vi

Thus
0Q 0Q .
2\ _ 1y.
<(A(p> > - aXi an(y )Ik-

For statistically-independerituctuations

Thus the distributions are uncoupled.

IProof: Assume for a moment that the average= xo # 0. Then

Xig = (ZT\gyn/Z / I_l d)q X e~ (1/2) 3 st Yst(X—Xs0) (X—X%0) .

After differentiation of this equation with respectxg and puttingxo = 0, xxo = 0 we obtain the above result.
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8.2 Fluctuations of fundamental thermodynamic quantities

As the change in the entropy is proportionalnonimal workto change the thermodynamic
propertiegeversiblethe probability for a given configuration can be written as, seeldEg9),

AU — TAS+PAV
w [0 e Wmin/T [ exp(— v _I_S+ > .

Regarding that all the quantities are the functionSahdV and expandingy in small deviations
ASandAV from the equilibrium values,

110U, ., .0%U 0°U )
AU =TAS—PAV + 3 {@(AS) + 2555 ASAV + =75 (AV) 1
we get
1 ou oU 1
Whnin = 5 {ASA <£)V +AVA (W)J = 5(ASAT —APAV)
Thus
wi exp (APAVZ—T ASAT) . ©.4)

This is the general formula to find fluctuations of various thermodynamic quantities, and below
we give several examples in which different parameters are considered as independent.

Examples

IndependentV and T:
[0S 0S ey, oP
AS = (a—T>VAT+(a—V)TAV_ TAT+(0T)VAV’

oP oP
AP = — | AT — | AV.
(aT )v i <5V ) T
Substituting these expressions in B84, we get

WDexp{—ﬁ(AT) tor <6—V)T(AV) }

Thus we reproduce previous results:

(ATAV) =0, ((AT)®) =T2/Cy, ((AV)?) =—T(aV/oP)t. (8.5)
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IndependentP and S

oV oV
AV = ($>SAP+ (G—S)PAS,

oT oT T oT
AT = (6_S>PAS+ (G_P) SAP_ C—PAS—I— (O_P) SAP.

As
dH=TdS+VdP
we have
(O_V) _0H <0_T)
0S/p, O0POS oP /¢
and ov oT
AV = (G_P) SAP—i— (G_P) SAS.
Thus Y 1
L [oV 2 L 2
w exp{ >T (6P)S(AP) 2o (AS) } .
As a result,
(ASAP) =0, ((AS?) =Cp, ((AP)?)=-T (a—P) :
v /g

Fluctuations per particle: From Eg. [B.5) we get:

(a(R)") - -retovsomr.

PuttingV = const we obtain

This formula can be re-written as
N2 / oV
V2 \ 0P TN

(o) v ()~ (), (G - ()
0PV /rn V\OP/qy 0P /1y \OW/ 1y O/ 1y
Here we have employed the fact that the r&tjty depends only oR andT (additivity principle).

The second equality,
N_ (G_P>
v VAR

Il
pd
VRN
QD
'U|Q"
<|lz
N——
_i
2

Then
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follows from the formula
dQ=-VdP=-SdT-Ndu

Finally we arrive at a very useful formula

8.3 Correlation of fluctuations in time.
Langevin method

Consider correlation between the values of the quamntify = 0) at different instants. Such
correlation is characterized by the averdge)x(t’)). Since under stationary external conditions
the average depends only on the differeticet one can define

@) = X(O)x(t)) -

It is clear from obvious symmetry considerations that

A proper definition for quantum mechanical case is

ot —t') = %@(t)i(t') +X()K(1)).
Now let us consider a state of partial equilibrium characterized by a given xakar simplicity
let us also assume thats aclassical quantity
Now we are prepared to discuss the state far from the equilibrium, namely assumesthat
V/ (X2). If we assume that the state under consideration is deterroimgdby the quantityx we
can suggest that the ratdor restoring the equilibrium is some function of one variaklé'he
simplest function valid for small enougtis the linear one,

dx/dt= —Ax, A>0. (8.6)

Itis natural to assume that this equation is the same as the “equation of motion” for a macroscopic
quantityx. To express this concept in a more mathematical form let us define the qu(ttjtsis

the mean value of at timet > 0 under condition that at= 0 its value wa. The quantitygx(t)

is defined through theonditional probabilityP(x',t’|x,t) to find the the value’ of the variable

x under condition that at timeit wasx. We have,

Eq(t) = /d)(x’P(x’,t’|x,t). 8.7)

Consequently,

(p(t):<xEx(t)>:/dxvv(x)x£X(t), t>0.
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For the valuegy > /(x2) we obtain
dEx(t)/dt = —A&x(t), t>0.
Consequently,
L) =xeM - gt)= e M=y leM t>0.
Herey is the constant which enters the Gaussian distribution, se@B). lh general, at
ot) =y te M. (8.8)

It the random quantitk is comparable with the mean square fluctuation one has to add the
random forcey to the “equation of motion"&.6) for the fluctuatiorx,

X=—AX+y(t).

The correlation functiory(0)y(t)) must be defined in a way to provide correct expres$8) (
for (x(0)x(t)) at largex. To do that we find a formal solution of the above equation with some
initial condition,

X(t) =e™M tth Ty(1).

The averagéx(t)x(t')) is then

(X(t)x(t')) = e M) /t an ttl dto €172 (y(t1)y(t2)) .

This result must be independenttgprovidedA (t —tg) > 1 andA(t’ —to) > 1. Thus we can put
to = —co. The only way to obtairfx(t)x(t")) dependent only oft —t'| is to suggest that

(Y(t)y(t2)) = C3(t1 —t2).-

Substituting this expression into E@.8) for (x(t)x(t")) for larget we get

(Y(t)y(t2)) = (2A/y) 8(t1 —t2) .

The above result can be easily generalized for the case of several fluctuating quadtities,
Similarly, we define

Okt —t) = (N (t)x(1),  @k(t) = @i(—1).
However, there is one more symmetry property which is a consequence of the invariance with
respect taime reversal 2 Because of the time-reversal symmetry,
@k (t) = G (—t) = Pai(t) -

2The system is assumed to be not in a magnetic field and not rotating as a whole.
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There is an important remark here. We have tacitly assumed that the quagti#reshot affected
directly by time reversal. However, these quantities can change sign under time reversal, like the
guantities proportional to velocities. If boxhandxy possess such a property the above equation
is valid, of only one of two changes its sign, then there is an additional “-” sign.

The following generalization is straightforward. We introduce the matgxnstead of the
scalarA. The fluctuation are to be determined from the set of differential equations

X = — Z?\ikaJrYi (t) (8.9)

with random forcey; defined by the correlation properties

Vi(t)yk(t)) = 2nidlts —t2), A=Ay L. (8.10)

Matrix elements of] are called thé&inetic coefficientsTheir physical meaning will be discussed
in the next section. The scheme discussed above is callegtigevin methadAgain,

@ (0) = (¥ Dik- (8.11)

Simple example: Brownian motion

Consider a particle moving in a liquid. It is subjected to collisions with liquid molecules. Due to
such collisions the particle’s velocitychanges in time according to the equation

mv; = —vv; + fi(t)

wherev is the viscous friction coefficient whil§ are random forces. Consequently,
1
Z(V%) B

= (/M8 yi=fi/m §=(0)8 =7

Let us now consider a displacemetit) = r(t) —r(0) and calculatex;(t)xk(t)) fort > 0. We
have

/ dtl/ dtp (vi(t1)Vk(t2)) 5.k/ dt1/ dip (vi(t2)Vi(t2)) = (X2(t)) Sik .

Here we employ the fact the different components of the velocity are uncorrelated. Now we
employ the Langevin method to find the velocity correlation function

(Vi(t)Vi(tz)) = (vA) e At (8.12)

As a result,
() = <vi2>/0tdt1{ A dte Mu—t2) | t dtze A(t2— tl)]
2
= ot fioa e,
At large timest > A1 we obtain (in general)

(X2(t)) =2D[t|, D= (V)AL (8.13)

The kinetic coefficienD is called thediffusion constantWe will discuss its physical meaning
later. At small times(x?(t)) = (v2)t? that corresponds toallistic motion.
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Onsager relations

The “equations of motion”

- Z)\ikxk

have a deep internal symmetry. To reveal it let is express the r.h.s. through the thermodynamically
conjugated quantities,

AR v

which were introduced earlier. We have

60X =Bk, (X = (T Dk, (X Xe) = Vi

If x; are comparatively small,
X = ZVika, Yik = Yki -

The latest equation is a consequence of the fact that the coefficients are second derivatives of the
entropy. Then we get,

ankxb ﬂ.k—Z?\u k= AV k.

The quantities)jk are called th&inetic coefficientshey are just responses to generalized forces.
According to theOnsager principle

Nik = Nki -

The proof of the principle is based on accurate application of time-reversal symmetry and the
property(Xix) = di.

If the system is embedded into an external magnetic Fgldr it rotates as a whole with the
angular velocityQ then the time-reversal operation must include reversél of Q. Then the
Onsager principle reads

Nik(H) =nki(—H), Nk(Q) =nwi(—Q).

For proper application of the Onsager principle it is important to find proper thermodynamic
forcesX; conjugated to the variables. A convenient way to do that is to study entropy genera-
tion. Indeed,

S= Z —x, =— 3 XX (8.14)

Thus, one can express the entropy generation through the heat release at a given temPerature,
asS= T~1Qand then express it through the quantitiei the form B.14). An example is given
below.
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Determination of proper generalized forces

According to the general principle, one has to find the entropy productior&aied express is
as— Y X. Thus, .
- 0S
0
Let us consider an example. An external electric field —[I¢p (where¢ is the electrochemical
potential) with combination of the temperature gradient create electric current with dgrasty
well as energy curren. The currents are conventionally expressed as
j = oE—n0OT,
w=w-¢j] = yE-BOT. (8.15)
Our aim is to determine the corresponding thermodynamic folXgand Xy,. Since the heat
release per unit volume consists of the Joule hegtiifyand of absorption-divw and in the
linear response approximation a@iv= div(w — ¢j ) = div\w, B we have
: divw j-E
s—— [ VW4 / 1= gy
/ T YT
Let us assume that the total heat flux through the surface is zero. Then the first integral can be
calculated by integration by parts, and we have

5= [av {W-D(%)qtj'TE} =~ [V [@-Xu+i X}

Thus, the generalized forced conjugated to the curijesutsiw are:
Xj=—-E/T, Xy=-0(1/T)=T"20T. (8.16)
Compare equation8(16 and B.159 we arrive at the following matrix for kinetic coefficients:
ﬁ:( :OT :r]Tz )
yr —BT
As a result, we have derived an important relation
y=nT.
It can be shown that Onsager relations are also valid for the inverse matrix of kinetic coefficients,
(=(\hHt=nt
Exercise:
1. Analyze Onsager relations between the kinetic coefficients given by the equations
E = pj—alT,
w—0¢j] = Mj—0T. (8.17)

2. Express the coefficients a, I, » through the quantities, n, y, B and check the Onsager
relations explicitly.

3Indeed, divpj = ¢ divj +j - O ~ ¢ divj = 0.
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Dissipative function

The problem of dissipation cannot be solved generally within statistical physics. However, a
formulation becomes possible if one assumes that the state of the system is fully determined by
macroscopic coordinate®;, and by the velocitieQ;. That means that high-order derivatives
can be neglected. One has also to assume that the velocities are relatively small and high powers
of Q; can be neglected, and that the motions consist of small oscillations around some equilibrium
positions. .

Under that assumptions both kinetic enelggQ; ), and the potential on¥,(Q;), arequadratic
functions of their arguments. One can derive the momenta in a usual way,

oK(Q)

R="2

0Q;

Then we can expres@i in terms of B. In the absence of dissipation we come to the usual
Hamilton equations of motion,

oK(R)
or o)

Q=

Now let us consider the quantiti€} andP, as fluctuating quantities. Since the change in the
entropy is equal to the minimal workymin = K(P) +V(Q;), divided by the temperature of the
thermal bathT, the generalized forces are
10Wmin 10V P
@ = 70 “Tag T

~ 10Wmin 10K Q
¥ = Twm TR T

As aresulthgr = —nNro = —T. The coefficients satisfy the Onsager relations because one of
the quantitiesi®) changes its sign under the time reversal.

Now we can formally write the equations of motion which will allow for dissipative pro-
cesses. In general, we can add to the r.h.s. of the Hamilton equations any linear combination
of Xp, Xg, which possess the proper symmetry. However, the equatio®;fsinould be left un-
changed because it is equivalent to the definition of momenta. On the other hand, the additional
terms to the equation fd® can contain only<p, otherwise the symmetry of kinetic coefficients
will be violated. In this way we can write

_V(Q) N oK(R) _  oV(Qi
50~ 2 ap, 0Q

Now we can construct a quadratic form.

P =

) - Zﬂika, Nik = Nki -

D= % %ﬂiinQk
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which is called thalissipative functionThe dissipative forces lead to the equation of motion

V(@) aD(Q)
Qi 0Q; '

The energy conservation law has to modified as

b=

d oK . ov - e ov
a(K—I—V) = ,Z {a—HR—Fa—QIQi = IZQl {PH—@_QJ
. 0D

Note that we applied the symmetry principle which has to be modified in an external magnetic
field. For that case out approach is strictly speaking not valid.

8.4 Spectral properties of fluctuations and fluctuation-dissi-
pation theorem

8.4.1 Classical systems

Let us start with a classical system and discuss properties of Fourier transformed fluctuation,

dw

o (8.18)

sz/o:ox(t)ei‘*’tdt — x(t):/ixwe—iux

If x(t) is real, then
Since

®© dwdw _. ’
(p(t/—t) :/mWel((ﬂtJr(dt)(Xme{>7

and it must be a function df —t, we have(x,Xy) 0 8(w+ ). The proportionality coefficient
is usually denoted a&1(x?),, SO

(XeXey) = 2T(X?) s O(w+ &Y ) . (8.20)
Obviously,
dw
O e L
dw

6 = 00 = [ 5 (o (8.21)
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The quantity(x?),, is called thespectral densityf fluctuations. From the known expressifg)

for @(t) we obtair?

2\
o=z iagy

We can introduce also transform of random forggs,
(Y)oo = (0" +A%) () = 2N /Y.

Again, the results can be expressed in the form of Langevin approach. For the correlation
function of the Fourier components we obtain:

(YiwYker) = 2T(YiYk)wd(0+ ), (YiYk)w = Nik + Nk - (8.22)

Herey is the matrix of kinetic coefficients.

Example: Fluctuations in one-dimensional oscillator.

Consider one-dimensional oscillator which is at rest is in in the equilibrium posg@lien0, but
able to perform small oscillations in some macroscopic coordiQat&\Ve write the potential
energy ad) = (1/2)mu)§Q2 wherem is the “mass” whilewy is the oscillator eigenfrequency.
The generalized moment is thén= mQ. Since the minimal work against the “spring” is equal

to the potential energyVmin = (1/2)muwiQ?,

f(Q) O Wmn/T — g M6Q%/2T o (Q2) =T /mud. (8.23)

If friction is present, the equations of motion acquire the form
Q = P/m, (8.24)
P = —mw§Q—yP/m, (8.25)

where—yP/m = —yQ is the friction force. Now let us tak€ andP as random quantities and
determine the conjugated thermodynamic forégsandXpe. They are determined by the entropy
generation, i.e. by the minimum work to bring the system from the equilibrium to the state with
givenQ andP. We have

Whnin = P?/2m+ mwiQ?/2.

Consequently,

Xa T L10Wmin/0Q = T 10U /0Q = mwdQ/T, (8.26)
Xp = T 1oWhin/oP =T 19K /0Q=P/m. (8.27)

Combining Egs.[8.25 and B.Z7) we get thel-matrix has the form

ﬁ:($ _\;) (8.28)

“Note that according to general principles of quasistationary fluctuations this expression is vali$srthat
the inverse time for partial equilibrium to be established.
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In order to apply these equations for fluctuations we rewrite @5 as

P=—mwiQ—yP/m+y. (8.29)

Equation [B.29) is just a definition of the momentum must remain unchanged. According to

Eq. 8.2,

(Y?)eo =222 = 2T (8.30)
To calculate the required fluctuation spectr(@%),, we substitute® = mQ in (8.22), obtaining
mQ+yQ+mwdQ=y. (8.31)

Multiplying by e~** and integrating over time, we find

(_mwz —lwy+ m‘*’%)Qw =Yw,

and finally,
2yT

R (8.32)

(o=

8.4.2 Quantum systems

Now let us turn to a quantum system. First, we have to remind some basic concepts of quantum
mechanics to be able consider time-dependent quantities.

Revisiting quantum mechanics

According to quantum mechanics, the state of the system can be described by a time-dependent
wave function®(t) satisfying the Sclirdinder equation,

ih(oW/ot) = HWY (8.33)
where# is the Hamiltonian. The statds, which satisfy thestationarySchidinder equation,

ﬂtlln(Q) = Eann(CI)a (8-34)

i.e. eigenstate®f the Hamiltonian are called th&tationary states We will also use Dirac
notations,

Wn(a) = |n), Y™ (q) = (n|.
Since eigenfunctions of the S@dinder equation form a complete set,

| dawi(@n(a) = 1. (8.35)

For a stationary state, _
Wn(t) = e /MEty(q). (8.36)
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In general, .
W(t) = Zanq"n(t) = zane_(l/ﬁ)E”t Wn(Q) - (8.37)
n n
The mean value of any physical quantiﬂ/,represented by the operatbis then
f(t) =Y apamfam(t) (8.38)
nm
where
Fam(t) = / Wi () FWm(t) (8.39)

Now, let us assume that the operafodoes not contain time explicitly. Then using E.39)
we have, _

fnm(t) - 'I:nmel(‘w]mt7 (840)
where

A A En—Em
fam = (n[fm) Z/dqtlJﬁfllJm(Q), Wnm = R (8.41)

8.4.3 The generalized susceptibility

Let us now assume that the body is subjected to some perturbation,

Then the average value

>?(t):/owa(T)f(t—T)dT. (8.42)
Consequently,
X(w) = a(w) f(w), (8.43)
where ©
a(oo):/o dta(t)det. (8.44)

a(w) =a’(w) +ia”(w) is called thdinear response functiorSincex is real
a(w) =a*(—w), — d(w=0d(-w),d" (w=-a0"(-w).
For a periodic perturbation,
V= —% [fe @4 f*d™] g,
and

X(w) = = [a(w) fe ™ +a(—w) feé]. (8.45)

Then in general the dissipation is

NI =

dE  o#  _df
il S rE (8.46)
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Substitutingk from Eq. [8.49),

f(t) = % [fe™ 4 f* ] (8.47)
and averaging over time we obtain
dE 1 1
=(—) =2(a"—a)|f]?=Z|f]2wa" (w). 4
Q <dt>t 2@ —)[f[?= 3] o’ (w) (8.48)

Analytical properties of generalized susceptibility. Kramers-Kronig relations

Let us regardo as a complex variabley = o/ + iw’ and consider the properties @fw) in the
upper half of theo-plane. From the definitiof8(42) it follows thata(t) is finite at any positive.
Consequentlyq (w) is a one-valued regular function in the upper half ofésplane. Indeed, for
' > 0 the integrand of Eq[849) contains the factoe ¥t and sincen(t) is finite the integral
converges. The functioa(w) has no singularities at the real axis’ = 0), except possible at
the origin. Note that the definitioi8(44) is not valid for the lower half of thes-plane since the
integral diverges aty’ < 0.

The conclusion that (w) is regular in the upper half-plane is the consequence afdaheality
principle. It is because of this principle the integration over time in B4 is taken only over
times previous to. It is also evident from the definitio@(44) that

a(—w") = a*(w). (8.49)

Hence for a pure imaginary frequency= iw’, we havea (i) = a*(iw’), i.e. a(w) is real.
The following theorem can be proved@he functiom (w) does not take real numbers at any fi-
nite point of the upper half-plane except on the imaginary axis, where it decreases monotonously
from a positive valuep > 0 atw = i0 to zero ato = ic. In particular, it follows thati(w) has
no zeros in the upper half-plane. The proof is given in the b@hk;123.
Let us now derive a formula relating the real and imaginary paat af). To do so, we choose
some real positive valuey of w, integrate the expressianw)/(w— wp) round the contou€
shown in Fig[8.], and then tend the outer contour radRit infinity and the radip of the inner
circles to zero.

c @

Figure 8.1:0n the derivation of analytical properties

of the susceptibility.
N\ (&

0 Wy

Since at infinitya — 0, and the ratiax(w)/(w— wy) tends to zero more rapidly thao .
Since the functiom (w) is regular and possible divergence points: 0 andw = wy are excluded,

the result must vanish,
]{doo a(w) =0.
c W—wp
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The integral over the infinite semicircle is also zero, so we are left with the integral over the real
axis and the parts around tlee= 0 andw = wy. The first part in not important sineg0) is finite.
The integration aroundy yields —iT(wyp) since the direction is clockwise. Consequently,

wp—p ®
lim {/ o @) dmﬂ}—imm):o.
p—0 | /- W—Wo Japtp W—0Wo
The first item is just the principle value of the integral, so we obtain
: ® a(w)
=P — :
iTIo () /_mdwm—wo (8.50)

Here the variable of integrationyhas only real values. For convenience we replace the notations
as
w—&, w— W,

to obtain the famous Kronig-Kramers relations (1927):

, B } [ G/I(E)
a'(w) = nP /_wdE P’ (8.51)
a’(w) = /—<Eo)o (8.52)
Sincea”(w) is the odd function, EqI&51) can be rewritten as
_ _p/ ¢, E“” . (8.53)

If the functiona(w) has a pole ato = 0, near whicha(w) = iA/w, then we get instead of

Eq. 8.52): /
aE) A
—W W

G//(w)

(8.54)

The Kramers-Kronig relations are very important since they allow to reconstruct the whole re-
sponse function from its real or imaginary part. This is a consequence of the causality principle.
Quantum expression for susceptibility

On the other hand,the probability for the transitior> maccording to the Fermi golden rule is

2T[|f|
Wmn = "B 2R

The total absorbed power due to all transitions from the st&tehen

= Xl [8(w + Wnm) + 8(+ Wmn)] - (8.55)

nw\f]z

Qn =) htwmnWmn= Z Xam] % [8(00 + Wnm) — 8(W+ Wmp)] - (8.56)
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Comparing Eqs/8.48 and B.58 we write down the response functfa’” for n-th state as

() = & P [B(60+ o) — 3(0>+ o). (8.57)
This quantiBt%/ should be averaged over the Gibbs distribution of the initial states occupations,
fn=2 1le PEn as

a’(w) =Trpa =y faop(w) (8.58)
n

wheref, are diagonal elements of the density mafrix Z-1eP? | see Eq.[[.12. We have

HZ m) Xam| 8(w+ onm) (8.59)
Immediately, we get
1 fn—f
— ﬁz xnm|2 n_m (8.60)
nm
or, in the complex form,
=F Zm xnm\ o o0’ (8.61)

8.4.4 Fluctuation-dissipation theorem: Proof

According to quantum mechanics, one has to define a real quantity which is an average of a
Hermitian operator,

1 .. 1 .. . SN

5 R Xy} = 5 {Rokey + Xy} -
Obviously, the correlation function must depend only on the time difference, and one can write
down the spectral correlator as

1. .
> Ry +Rrko) = 21(3%) d(W+ ) . (8.62)

This relation can be regarded aglfinitionfor (x%),. Using the definition, as well as the fact
that (x?), is real and is an even function afwe get

o=/ 5 02y it 0= [ dtgt)e
In particular,
w0 =08 = [~ S202),

5a” is the imaginary part of theusceptibility
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The aim of the present section is to relate the spectral correlation furigfiggto the dissi-
pation in the system. Let us consider a quantum baodygiven statesayn. Then, the average
value to the correlator is its diagonal matrix element,

(ks + KRl = 5 > [(w)m0)mn+ (X om(Kc)r -

Here(X,)nm is the Fourier transform of them matrix element of the operatdéft),
(%o)nm = /_ 0:0 dtXom(t) € = /_ 0:0 At Xom€ O = 2710m(Wnm — 00)
Sincex is realXnm = Xpn, and
3(Wnm~+ 00)3(Wmn+ W) = &(wnm+ )W+ w')
we can extracerid(w+ ) at get:

()0 =TTy [Xom|*[B(+ Ghm) + S(w+ )] - (8.63)

Again, the expression for the fluctuations should be averaged over the Gibbs distribution of the
initial state occupationd,, = Z~1e PEn. Averaging, we obtain

P = "z fir [Xam|? [8(w + Gnm) + 8(00+ )]

= T[Z(fn-i— fm)‘xnm|26(00+ Whm) = T[Z fn (1+ eﬁﬁ%m> ’Xnm‘26<00+ Whm)
im im

_ n<1+e‘Bﬁ‘*’> S o [Xom/23(+ Gonm) (8.64)
nm
Now, let us note that Eq8(59 can be rewritten in the form
11
a’() = ¢ (1_ e—Bﬁw> S o [Xom/23(+ Gonm) (8.65)
nm

Comparing Eqsld.64 and B.65), we obtain
(x%), = ho” (w) coth(Bhw/2) — (%) = g / a” (w) coth(Bhw/2) dw. (8.66)

This is the famous fluctuation-dissipation theorem (Callen & Welton, 1951).
For small frequencies, whdm < T, one can approximateoth(Bhw/2) as

coth(Bhw/2) ~ 2T /hw.

As a result, instead oB(66) we get

(8.67)
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Exercise: Check that fluctuations in the one-dimensional classical oscillator (exampl&@@)p.
given by Eq.[8.32) obey the classical limild.686) of the fluctuation-dissipation theorem.

An important example is fluctuations of current density in a resistor. In thisgas@, a” =
wl o(w), wherea(w) is the complex conductivity. Thus

(i%)0 = hwD o(w) coth(g—_(;)) .

Note that all the concept is valid only for small fluctuations near the equilibrium state.

Exercise: 1) Find spectrum of fluctuations of the currénirough the circuit shown in Fig.2
(1%), for a fixed voltageVi» between the points 1 and 2) Calculate the integrated spectrum,
[(1%)w (dw/2m) and compare it with the square of the average cur(ertt,

Figure 8.2:0n the current fluctuations. is the induc-
) L tance,C is the capacitance, whilR is the resistance.
The circuit is kept under constant voltage.
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Chapter 9

Stochastic Processes

Now we discuss other aspects of random processes which take place in course of evolution of
nonequilibrium states to equilibrium.

9.1 Random walks

The simplest stochastic process is random walk in one dimension. A particle can make a step to
the right with the probabilityp or to the left with probabilityg =1 — p.

We are interested to find the displacem8uifterN > 1 steps. It can vary betweenN and
—N.

The probability of the walk witt8= +N is Py (N) = pN. If there occurs 1 step to the left the
displacement iS= N — 2, the probability beingy(N — 1) = NpN~1q because the step to the
left can occur at any of th different times (see Fid@.1). In general, the probability to find a

) ) e ) e —o

—
e —e0 <--0—0___ ¢
—_—

Figure 9.1:0n the 1D random walk.

@ —0@ —0<--0 ——=9
walk with R steps to the right from totdN steps is

AR = g P 01)

This distribution is calledbinomialor Bernoulli. Certainly

N

FZOPN(R>=<p+q>N=1~

111
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As a result, we can easily calculate the average displacement

& = R-(N-(R)=2(R)—N

NI )
= N+23 R!(N—R)!RquN "

_ i N! RAN—R
= NG00 RiN—R) P ¢

_ 6 N _ _
= N+2%(p+q) =N(p—q).

The symmetric random walk can be generated by tossing a coin. One iNaktsmpts. To
obtain the statistical average one has to mdke- 1 runs. This set forms a statistical ensemble,
the average being

1 M
(9= M zlsw

In general case the way is more difficult, one needs a random number generator.
One can also obtain

2
(RP) = (p%) (p+a)N = (Np)*+Npqg
to obtain
() = 4(R%) —4N(R) + N2 = N?(p— )2+ 4N pq.

Thus
(89%) = (S)—(9%=4Npg — =N (forp=q=1/2).

For very largeN the Bernoulli distributiorPy(R) = (N!/RI(N — R)!)pR(1 — p)N-R can be ap-
proximated by the Gaussian distribution. Using the Stirling’s formulafave obtain

1 2
Py(R) = g (R-Np)“/2Npq.
SinceR= (N+S)/2 we have
1 2 1 32 /972
S —_— o [SN@p-1J7/8Np(l-p) _ = & (S-9%/20°
S 8rN pq V210

Here 3
S=N(p-0a)=N(2p-1), 0=4/((AS)?) =4Np(1-p).

If the number of steps is very large then we can think that each step is very small and come to
continuous description. Assuming= Saand regarding the time stép= N1. Then we obtain
for the symmetric case the probability distribution

[ T 20922 1 ) a
P(X,t): 2T[az'[ear/Zat: 4-T[Dex/4Dt’ DEE‘

~+
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Figure 9.2:P(x,t) as a function ok atDt = 1 and 3.

This function is shown in Fige.2 We immediately obtain
/ P(xt)=1, (x)=0, (x2) =2Dt.

The above expressions can be easily generalized for multidimensional space keeping in mind
that the probability is multiplicative. For 3D case we obtain,

1 2
Prt)= — — /4t p_2

(41Dt)3/2 ’
We have
(xi(t)xj(t)) = 28 Dt|, (r?) =3(x°) =6DT.

Now we can map the above results on the results on Brownian motion obtained &.3by.
the Langevin method. Indeed, we can assume that during the3inié between collisions the
displacement is.~ v/A. Thus,

D = (VA)A ~ a?/A.

9.1.1 Relation to diffusion

Consider a drop of colored dye in the water. The concentration of dye obeys the continuity
equation,

oC

—+divd=0

3 +div
whered is the current of colored particles. It is driven by gradiedts; —DgradC. In this way

we get thediffusionequation

%—S—szczo. (9.2)

Let us consider the initial condition

C(r,0) =N(r).
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HereN is the total number of particles in the drop. The solution with the above initial condition
can be easily obtained by the Fourier method. Since

) = [ K chnyder. and ckit) = Ne O
(r7t)_ (2.,_[)30( 7t) ’ an C( 7t>_ €

we obtain

d®k —DK?t ik r N —r2/4Dt
C(I’,t) = /Nwe = We .

To derive this formula it is convenient to use spherical coordinates and to direct the polar axis
alongr. The integral over the angles is

T 2n 1 i
/ sinode / de ke — 2.2 / dycoskry — ar> K
0 0 0 kr
Then,
4T [ sinkr 2 1 2
it k2dk —Dkt _ —r</4Dt
8n3/o e (4rD)32°

The relation between diffusion and random walk has been realized by A. Einstein in 1905.
His reasoning is like that.

Consider a thin layer betweerandx+ Ax. Let the number of particles in this layer at time
t will be denoted adl(x,t). If we introduce the probabiliti?(a, 1) Aa, to move a distance falling
within a small interval betweea anda+ Aa during a short time interval, we can write

AN(x,t+1) =P(a,T)AaAN(Xx—a).

SinceC = AN/Ax we get an integral equation:

C(x,t+71) :/m daP(a,1)C(x—a,t). (9.3)

Sincea andt are small one can expand the |.h.s. in powers, ahile the r.h.s. in powers .
Using the equalities

/daP(a,r) =1, /daaP(a,t) =0 (we assume symmetric distribution)

and the definition
2—1T/daa2P(a,T) — (%(1)) /21 =D,

we arrive at the same 1D diffusion equation as for the Brownian motion (with correct coeffi-
cients).
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F(®
“ ‘ ‘ ‘ Figure 9.3:0n the random pulse process.

t

9.2 Random pulses and shot noise

Random pulses, or pulsed random processes are encountered very often. In the simplest case the
pulses have the same shape, and the only random quantity is the instant at which a pulse starts,
Fig.0.3 One well known example is the current in the anode circuit of the thermionic tube. Each
electron escapes the cathode and moves in the space charge region toward the anode producing

anode currenit),
/ dtit) = e.

There are many examples of this type of process, e. g. impacts of the gas molecules on the wall
of the container. Let us denote the number of pulsé,dg being its starting time. Then the
random quantity can be expressed as

KO = Y F(t-t0a).

It is usually assume that

1. The random quantitietx and ax are statistically independerfor different k, and their
distribution functions ar&-independent.

2. The probability of the timé being in the range betweérandt + dt is constant and equal
tovdt.

Below we shall use the above example to introduce the important concept - characteristic function
of the random quantity. For a quantityt is defined as

ou) = (e = [ de o) &%

Herep(x) is the probability distribution fox while the average is performed over realizations of
the random process. For our case

1

tm

tm/2
/ dt expliuF (t —tk;a)]} .

—tm/2

0u(0) = [ dava(a) {

Herews,(a) is the distribution of the parameteaswhile ty, is the measuring time interval. if
pulses took place during the tinhg we obtain

n

Ox(uln) = [P ()]
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which then must be averaged over the Poisson distribution,

Ph= T(i‘fﬁ, N = Vty,.
n!
Since _ .
ey W = exp{n[gx (u) — 1]} = exp{Vtm[@q (u) — 1]}

we obtain for the well separated pulses

() :exp{v/dawa(a) /_idt[exp(qu(t,a))—l]}.

Having the characteristic function we can calculate any momext of
(X) = <a‘p‘—(“)) _v / dawa(a) / dtF(t,a), 9.4)
diu /o —o

B [ 9%Ingy(u) B ®
(B0)2) = (@) — (X2 = <W>u:o _v / dawa(a) / CdtF2(ta), (9.5
(BX(t2)8%(0)) = v / dawa(a) / T dtFtaF(t+ua). (9.6)

The noise is conventionally measured as doubled Fourier component of the correlation function
(©.8). We obtain (check!):

S(w) = 2v/dawa(a) IF(w; a)|2.
SinceF(0,a) = qwhereq is the charge of the particle, we get a very universal formula
S(0)=29v — 2el

wherel is the electric current in the case of thermionic tube (Schottky, 1918).

9.3 Markov processes

Many stochastic processes belong to the claddarkov, or Markovian processes. To introduce
a definition let us consider a random function of timé,) which is knownat n instantst; <

t < ... <t Letthe time intervals benuch greatethan the microscopic time scale. We can
characterize the random process by the probability

Wn(X1,t1;X2,12; .. s Xn, tn) dXg - - - dXg

that the random quantity gtlies within the rangéx;, x; +dx). We can now relatev, to wy_1
by the conditional probability?, (Xn, tn|X1,t1; X2, t2; . . . s Xn—1,th—1) @S
Wi (X1, 15X, t2; .. X0, th) = Wno1(Xg,t1; X, t2; ... Xn—1,th—1)
X Pn(Xn,tn|X1,t1; X2, t2; . . . Xn—1,th—1) .
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The process is called the Markov one if the conditional probability depenlyson the value
Xn—1 at the last instant,_1 which precedes,,

Pn(Xn, tn|X1,t1; X2, 125 . . . s Xn—1,th—1) = Po(Xn, ta[Xn—1,th—1) = P(Xn,tn|Xn—1,th-1) - (9.7)

It means that the system forgets all but the last previous values of the random process. Both
random walks and pulse processes are the Markov ones.

Let us consider a Markov process where the random var&leacquires discrete value
{X}. Then the conditional probability can be uncoupled as

P(Xx,t|Xi,t0) = z P(xi.t|xj,0)P(xj,0/xi,t0), to<B<t. (9.8)
]
This is theMarkov equation For ahomogeneousandom quantity(t) depending in discrete
timest, the above equation acquires the form

P(x/n—1,0) = ZP(xk\xj,n—m)P(xJ—\m—I,xi), l <m<n. (9.9)
]

9.4 Discrete Markov processes. Master equation

There is an important class of the processes where the random quantity acquires only discrete
valuesx;, (i =1,2,...,N). An example is theandom telegraph noisproduced by a defect
hopping between two states in the lattice, see[@§.

Figure 9.4: Random
telegraph noise in the
defect position.

Time

In the discrete case one can introduce the probabiity find the system in thieth state, as
well as transition probability;. For two-state system we can denate=w, p12=p, p21=0.
Sincewp, = 1—w; = 1 —w we can write thenaster equatiorfior the probabilities in the form

d—\ivz—pw+q(1—w). (9.10)

The stationary solution of this equation is

S Y QU Y N
p+q
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Consequently,
Q%+ PXe 2 _ PO —x1)?
X) = ——, OX =5 -
=g (@7 (P07
We can also obtain the correlation functigdx(t)dx(0)). To calculate the correlation function
one has to find conditional probability(x,t|x;,t1). Obviously, at > t; it has the form

P(X,t]x1,t1) = W(X) + [0(Xx — X1) —wW(X)]g(t,t1)

wherew(x) is the stationary probability to find the system in the statevhile g(t,t;1) is the
probability that the state remainschangedluring the time betweets andt > t;. The quantity
g(t,t1) satisfies Eq[4.10) with the initial condition

g(t7tl)‘t:t1+0 =1 (911)

The physical meaning @f(t,t;) is the probability It is natural to look for a non-stationary solution

in the form
g(t,ty) = goe M-ul,

Substituting that into the master equati®al) we geth = p—+ g, and from the initial condition
@IDg=1

g(t,ty) = g (pra)jt—ta|
Since at —t; > (p+q)~* we have(x(t)x(t1)) = (x)2, or {(5x)?) = 0, we obtain
2
EX(1BX(0)) — ((5x)2) e (P+alt] — PAXL=X2) _(pigppt)
(0x(t)ax(0)) = ((dx)*) (P10

Consequently the noise (doubled Fourier transform) is

2pqg 1 p+q
(p+0a)? m(p+Q)?+w?

S(©) = (x1 - %)?

Thus noise spectrum is a Lorenzian. The integral noise is

[ deoS(e) = (1 =) 2Pk = 2((39°).

Let us for simplicity assume thgt=q=A/2, than

(Xl — Xz)2 A

S(w) = 2 A2+ w2’

In many random systems the fluctuation are induced by structural defects with different transition
ratesh. Usuallylogarithm of A is distributed almost uniformly in a wide region betweghn
andAmayx and for realistic values ab the inequalities

Amix < W< A (9.12)
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hold. Then the distribution of is

g dA
TN
Hereny is the density of the defects. An example leading to the distribuBal)( is so-called
tunneling defects formed by an atom which can tunnel between two adjacent states in the mate-
rial. Since logarithm the tunneling probability is proportional to the tunneling distance and the
latter is uniformly distributed we arrive at the distributi@13.

Averaging the noise over the distributidh.13 we get

w(\) dA £ = IN(Amax/Amin) - (9.13)

Cng(xa—x)? 1
W) = 2L W

providedw satisfies inequalitie$9(12). Noise with the spectrunB(19) is usually observed at
low-frequencies, itis called thécker noise Crossovers from random telegraph noise and flicker
noise were observed in point contacts between metals.

(9.14)

9.5 Continuous Markov processes. Fokker-Planck equation

Let us return to the problem of random walks and note that &) ¢an be reformulated for
probabilities. We get

P(X,t|xo,t0) = /dyP(x,t|y, B)P(Y,6%0,t0), to<B<t. (9.15)

This is theSmoluchowski equationThe instan® can be arbitrary, so let us make it close to
Namely, let us pub =t — 1 and then tend to zero. We get

P(Xat’XOatO) = /dy P(X7t|y=t - T)P(y7t - T|X07t0) . (916)
Now let us multiply this equation by some arbitrary functigx) which has the properties
qx)—0,d —0 at X— doo

and then integrate over We get

/_deq(x)P(x,t\xo,to) :/ZdyP(y,t—T]xo,to)/ozodxq(x)P(x,t\y,t—T)

= [ _dyPtyt—thxoto) [ _dxqPetyt—1

B N2
<Janrame-y am 2=

Since

/ dxP(xtly,t—1)=1
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we can replace in this integral— x move it into l.h.s. Then we notice that

POt to) —POx Tt to)] ~ P00
As a result, we have
/ dx q)m /ZdyP(y7t|xO7to) [Q’(y)A(y,tHd’(y)@%- . (917
Here
At) = ITiT)<X;y>=Iim}/w dx(X—y)P(x ty,t — 1), (9.18)
B(y,t) = IimM_llml | dx(x- Y)2P(x,t]y,t —T). (9.19)

Now we replacey — x in the r.h.s. of Eq.d.17) and make integration by parts. Singeteo) =
q () = 0 andq(x) is arbitrary we finally obtain

OP(x.t|Xo,t)) 0 1 62
— —a—XA(XJ)P(X,HXo,tO) T 552

This equation was derived in several contexts, so it has different ndbmestein-Fokker equa-
tion, Fokker-Planck equation, 2nd Kolmogorov equati®he diffusion equatiord.2) is a special
case with constart andB.

The solution of Eq.[4.20 must be non-negative and satisfy the initial condition

P(X,to[Xo,to) = 8(X —Xo). (9.21)

The physical interpretation of EJ9.20 is the following. Let a stream (ensemble) of parti-
cles emerge form the poing at timety. Assume that they move independently. Then their
concentration at the point at timet is just P(x,t|xo,tg). The the flow (mass curren§ con-
sists of the “convection” parAP, whereA is the convection velocity, and of the diffusion part
—(1/2)(0BP/0x) whereB/2 has a meaning of the diffusion coefficient,

B(x,t)P(X,t|Xo,t0) . (9.20)

10BP
S=AP- > o (9.22)
We see that Eq( 20 is equivalent to the particle conservation,
6P 0S
ot ax
Equation[0.22) is conventionally written as
S= (A— g—i) P(x,t|xo,t0) — gw (9.23)

The combinatiorA —dB/0x is called thedrift velocitywhile B/2 is thediffusion constant
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9.6 Fluctuations in a vacuum-tube generator

Consider a simplest generator of electric oscillations based on 3-electrode vacuum tube, see
Fig.[0.5 the notations are clear from the picture.

Figure 9.5:0n the vacuum tube generator.

The tube acts as an amplifier, and the nonstationary part of the current is given by the expres-
sion

V¢
la=S - — (9.24)
)
where\y is the DC anode voltage. The transformer facilitates feedback, such that
Vg =MI’ (9.25)

whereM is the mutual inductance while prime means here the time derivative. Since the charge
at the capacitoC is just

. t
Q:/ dt(la—1),
we have the following equation for the current through induttor
t
LI +RI = 01/ dt [lat)—1(t)] — (9.26)
R 1 SM M?2(1")?

4+ 1"+ =1 = —I"(1- . 27
MY LC ( V2 ) (:27)

Now,it is convenient to introduce dimensionless variables,
T=wot, lo=2Vo/wpM, X=1/lg, wMS= |, wp(MS—RC) = p,

wherewy = (LC) 1 is the eigenfrequency of the circuit. Then E8.Z7) can be rewritten as

>'('+X:u>'<(p—j—(1)'(2>. (9.28)
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Let us consider the situation when the feedback paramétesmall and use the so-called method
of slow perturbations. Namely, the solution of E§.28 atu=0is

Xx=rcoqt+¢), (9.29)
and we will search the general solution in the form
X=r(1)cosu(t), u(t)=t+4(1), (9.30)

assuming the both(t) and¢(t) are “slow” functions. What does it mean will be clear a bit later.
Then

X = fcosu—rusinu,
y d . - o o 2
X = E(rcosu—rusmu)z—ru3|nu—2rus|nu—ru cosu.

Here we neglecteidsincep < 1. Now,
U=14+¢, w~1+2p, ~0.

Then the L.h.s. of Eq 29 is
—2rsinu— 2r$ cosu.

Since the r.h.s. of this equation is proportionglitwe have to substitute the derivatives up to the
lowest order, ag = —r sinu to get

. 4, I P o . r’ .
X 1—§x :—prsmu+§r sirfu=—r(p—r )S|nu—§sm31.

As a result we get,

2
—2rusinu—2r$cosu= —pr(p— r2) sinu— u% sindu. (9.31)

Now we can average this equation over “rapid motion”. Namely, we multiply these equation by
sinu(t) or by cosu(t) and then integrate overfrom O to2rrassumingp(t) = const. From such

a procedure we get '

f:EMp—@% ¢ =0. (9.32)
So up to our approximationp is constant. In Fig9.8 the functionr(p—r?) is plotted for
p=-1,0,1. Inis clear that ap < O there is only one stable point= 0. It can be shown that at
p > Othe only stable point = ,/p.
Now we are prepared to write down the Fokker-Planck equation for conditional probability
P(r,d,T|ro,$0,T0). In general, when we have several variables, the conditional probability can
be expressed as a functionwactorsx = {Xy } andxp = {xoq }. In a straightforward way we get

vectorA and tensoB as
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02 Figure 9.6:0n the sta-
tionary points.
os functionr (p— r2)vs.r
is plotted.
-0.6
o x=y) 1
Alyt) = lim =2 —lim = [ (00 (x—y)POxtht—1),
é(y,t) — lim <(Xi_yi)(xk_yk)>
=0 T
o1 e
= lim= [ (dX) (% = %) (%= WPyt —1).

The Fokker-Planck equation acquires the form
2

0P(X,t[Xo,to) B
ox0x

. 1
3 = —divA(X,t)P(X,t|Xo,to) + > %

Below we shall use a simple model of isotropic random forces with

Bir =r?Byy =B B¢ =0.

In our case, u

A=F=Sr(p—r?), Ag=0,

and we get

ot 2 or 2 r2 a2
It should be solved with the initial conditions

P(r,¢,to|ro, $o,to) = &(r —ro)d(¢ — do) .

oP Ar(p—r3P] B[d / o P 19%P
uﬁl—:_BM_l__ —r—\l+=—=1.
or\ orr

(X7 t) P<X7 t ‘X07 tO) :

(9.35)

(9.36)
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Let us start from the stationary distribution
W(ra ¢) = tJ'[i()nlw P(ra ¢7t|r07 ¢07t0)

for which the l.h.s. of previous equation is zero.¢lfis chosen in the interval0, 2m) all the
values of¢ are equal, and the solution¢sindependent. Then the equati@38 acquires the
form

>ar (r(p—r )W—Bra?> =0 or r(p—r )W—Bra?_const (9.37)

The only solution which is regular at= 0 implies that the constant is equal to 0, and

w(r) O rexp{% /or pdp(p—pz)] :Crexp(—(p;—:)z> . (9.38)

The proportionality coefficient is given by the normalization condition. Smeed-independent

C1:2T[/rdr exp(—%) = 1/%\/B [1+erf (%)1 .

\/_O

The profilew(r) has a maximum at

[P g [ VPA+B/2p7) for px> 2VB,
mV2 4 B/[pl for p< —2vB.

The functionw(r) is plotted in Fig[0.7.
At negativex,

erf(—x) = -1+ —— —
One can also neglect in the exponent of EQ38 Then we obtain
w(r,¢)drdd = P -r2ipi/28 gy %, (r?y = 2B|p| (9.40)
B 21
which is called thdrayleigh distribution

If the generator is strongly exciteg, > 2v/B, we can putr = vP+pand neglecp? in
Eq. ©.39. Then we obtain,

w(r,¢)drd¢ — \/%epzp/de%, (%) = B/2p. (9.41)

i.e. the Gaussian distribution.
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Figure 9.7:Plots of the distributiorw(r)
for different values of/+/B, shown near
the curves.

0 0.5 1 1.5 2
To find the generation spectrum let us consider the case of large amplitudes,

rm= /P> /(p?) = v/B/2p.
In this case we can linearize the dynamic equatiBa3 with respect tgp =r — ,/p to get
p=-pp, ¢=0. (9.42)
The simplified Fokker-Planck equation acquires the form
40P 9pP B /8P 10°P
==tz t=33 -
ot op 2\ 9p% pop2
This equation we can analyze for arbitrary initial conditions. DenoBg, ,t|po, @,to) =
P(p, ®|po, ®o,t —tp) we immediately get that fluctuations pind¢ are statistically-independent,

(9.43)

P(pa (p‘ Po, (Ib,t - to) = Pp(p‘p()?t - to) P¢ (¢|¢07t - tO) . (944)
The fluctuations in the amplitude are Gaussian,
Po(plpo,t —to) = g (P-P*/20° (9.45)
210
with B
o — —Hp(t—to) 2 _ 2 (1_ g 2upt—to)
p=po€ , O 2p (1 e ) . (9.46)

Thep(t) is just the dependence due to mechanical equations of m@&i8B) (inearized near
r =/P. The solution forPy (¢|¢do,t —to) has the form

1

Po(®[¢o,t —to) = o

1+2y e (B/2PH(tt0) cogn( — ¢o)] . (9.47)
n=1
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Ast —tg increases, the average deviation from the stationary solgjai®cays while dispersion
o grows. One can easily check that the ty the system tends to stationary distributions. At
t =tp+ 0 it gives proper initial conditions since

1+ 3 com(6— o) = 2156 — bo).
n=1

Having the conditional probabilitie®(46) and 0.47) one can find all necessary correlation func-
tions. Indeed, th@int probability, w(p-, p, T, to find the valuep andp, after time delay is

WpepT) = WpIP(prlpt) = 5w~ 2y - PP (aag
WO 0.T) = WO = 4 |1+ 2§1e—“2m cosn(¢: - ¢>] . (949
Here
pr=pe P, of= % (1-e2PM) | D =uB/2p.
using these equations let us calculate the correlation function
Pr = (X(O)X(T)).- (9.50)

Lets us for brevity denotg(0) = X, X(T) = %;. Since

X(t) = [vP+p(t)] cost + o (t)]

and(x(t)) = 0 due to the facts thgp)=0, p and¢ are statistically independent at any time, and
the phase distribution is uniform. Hen¢eosp) = (sing) = 0. As a result,

Wi = ((VB+P)(v/P+po)) (cOst + ) oSt + T+ )
= 2 (p+(ppo) [(cOST+0r—0)) + (COSA+ T+ 40)].  (95D)

Then, from Eq.[®.49 we get,

(ppr) = / dp:dpppW(pr,p,T) = De PHTI, (9.52)

Since the joint probabilityv(¢.,$, 1), Eq. 0.49 is an even function op; — ¢ one can easily
show that

(cog¢: +¢)) = (sin(¢p: +¢)) =0.
As aresult{coST+ ¢ —¢)) = (cod ¢ —)) cost. Then,

2mn 2mn
(cosidi—0)) = 0 [ dor [ db cosd—)

are

e PuT (9.53)

1+2'S e Pl cosn(¢ — §)
n=1
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Collecting all the factors we finally obtain:
1
o= (p+ De‘p““‘> e PHUcost. (9.54)

The first factor in given by the fluctuations in the amplitude while the second is due to the phase
fluctuations. The oscillation spectrum is given by Fourier transform of the above function. In the
dimensional variableg,— wot, we get

Weo = P(W— ) + P(w+ wp) ~ D(wW— o)
with
p D D D+h

P = 2+D2 h w2 (DLh2

(9.55)

Here
D = uDwyo, h=ppup

are dimensional phase diffusion constant and increment. That means a superposition of a narrow
line with the half-width2 with a broad line with the half-widtiD + h.
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Chapter 10

Non-ldeal Gases

10.1 Deviation of gases from the ideal state

We start from the case of a weakly non-ideal gas where the only pair interaction is important.
The simplest case is the monoatomic gas where the interaction potential depends only on the
distance between the atoms. Since

3
=y =+
Z 2m
we can write the free energy as

F = Fid+Fi7

F = —Tlog {\%/-.-/eﬁv(‘” ﬂdVa} :
a

HereF, is the free energy of the ideal gas. The fadtorN in the argument of the logarithm is
just because for the ideal gas the integral over the volurk@'islt is convenient to rewrite the
above expression in the form

F:Ed—Tlog{H—// e PV dV1 dVN]-

Now let us make use of the assumption that the gas is rarefied andvardyoms can collide at
the same time. Then the integrand is not small only if some two atoms are close together. Such
a pair can be extracted M(N — 1) /2 ways. Thus the integral can be expresses as

N 1 / / g P2 _ dV1 AW ~ —/ g PVi2 _ > dvid\s.

HereVi; is the pair interaction potential. Sintmg(1+ x) ~ x atx < 1 and the gas density/V

is assumed to be small, ,
TN _
F = 2 / <e BV12_1) dvidV,.

129
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Since the interaction depends only on thstance between the atom®& can integrate out the
center of mass and g¥t In this way we are left with the expression

TN?
= — BV12
Fi=-yB(T), =3 / _eBVi2) gv,
wheredV stands for relative coordinates. Sirfee- —dF /0V we obtain the following correction
to the equation of state,

NT N

P= 1+ =B(T
v [rrem]-

The corrections to other thermodynamic potentials can be found using the principle of small
increments. For exampl&; = NBP.
A typical dependence of the interaction potential energy is shown itilBid.

Figure 10.1:A typical dependence of the nor-
b malized potential energy /Vp versus the nor-
! malized interatomic distanagry.

o 08|

Expansion in powers of density

In principle, the equation of state can be expressed in the form of expansion in the density,

00 N n
P=TY () ByT), Bi=1
n;(v> (1), B

where coefficient8,(T) are called thevirial coefficients To determine them it is convenient to
use the Landau fee energy,= —PV,

:NZ %eﬁuN/drNe—B%(p,Q)_
=0V

For theN-particle Hamiltonians we have,

2

g = P _ 5 Py _s Py
1= 50 Ho = Z +Vip, = z +Vi23,

where in general
V123 # V12 + Vi3 +Vas.
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If one denotes

(=

3/2
/dspe BR?/2m _ ( mT) 2

2T[ﬁ)3 21h?

the expression foR can be written as

2

ZS
2I/e BVI2 g\ - 2

Q=-PV=-Tlog [1+zv+ 3

/ e PVizs gy dVodVs + .. ] .
Again, we can integrate out the center-of-mass motion to get
BV LV [ v
Q=_PV=_Tlog 1+ZV+—/e Vo + /e 123 G\VodVs + .

We arrive at the expansion in powers(of

[¢) Jn

P=T Z
with
J = 1, 32:/(eBV12_1> d\s

The structure of the integrall is clear, they are not small only iif particles are close together.
To obtain equation of state one has to relate the paragétethe density. Since

N = — <"_Q) v (O_P>
O/ 1y VAR

N 2
Vv nZl(n—l)!

we have

"

The set of equationB({) andN({) defines the equation of state.

Spatial correlation of density fluctuations

Let us denote(r) the fluctuating number densitydV being the particle number in the element
dV. The correlation in the positions of the particles can be characterized by the average

(ANn(r1)An(r2)) = n(r)n(r2) — 2.

For a uniform system it can depend only on the differemee|r; —ry|, it must decay at — co.
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The product(n(r1)n(r2)) can be expressed through the probability density to find the
particle 2 at the distancefrom the particle one. Since the total probability of such event is
nwi(r) dV, we might write

(n(r1)n(ra)) = NPwis.
That would be a mistake because it ignores the fact that if the points 1 and 2 coincide, the particle
belongs both ta\4 anddV,. Thus the correct formula is

G(r1—ra) = (n(r1)n(ra)) = PPwio+Nd(ry —ra).
In a similar way,
(An(r1)An(r2)) =nv(r)+nd(rp—r2), v(r)=nwo(r) —1].

The quantities(/An(r1) An(r2)) andv(r) are called thecorrelation functions Integrating the
previous equation with respect ¥4 d\> over a volume/ we have to recovef(AN)?). From
the formula above we find the normalization condition,

foa= O 1 D)

This is zero for an ideal gas, only interaction leading to a finite compressibility leads to a corre-
lation. Since for the pair interaction

v(r) = ﬁ(e—Bvlz(f) _ 1)

32:/< —BV12(r) dV_N/

We see that the correlation function is an important property.
It can be directly determined from the experiments on the light scattering. Consider a wave

F(R) = Foe Rt

we get

which is scattered by the particles residing at pointsee Fig[10.2. Let the scattering ampli-

Detector Figure 10.2:0n the scattering problem.

tude f be the same for all the particles. Then the scattered wave at the detection igoint

Fsc(r) _fZF r. _fFOZe' (kri— ﬂ
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Herep; = |[R —rj]| is the distance between the scatterer and the detector. Wghaw— r; cosp
whereg@ is the angle between andR Now let us take into account the fact that the detector is
usually place far from the scattering mediury> ri. Under this approximation we can replace

pi by Rin the denominator of the previous formula, while the phase needs more exact treatment,

kri +kpj = kri + kR—kricosp=kR—ri(k —k’).
In this way we get,
KR—ict . /
R IZe , q=k—k'.

Thus the ratio between the average intensity of the scattered wave and the intensity of the incident
wave is

Fsc: fFO

N N
LD P LU
i=1/=1

S(q) is calledthe structure factar Replacing the double sum by its ensemble average, we can
write it as

Sia) = 7 [V [ dven(ran(r2)) e = 14 [ drv(n e

This is the way to extract the correlation function from the experiment on light scattering. Note
that for small scattering angles— 0 the structure factor is proportional to the compressibility

of the system. Thus one can expect singularities of the scattering cross section at the phase
transition point.

Van der Waals’ formula

There is an interpolation formula which allows to follow the phase transition between gaseous
and liquid state. To derive such a formula let us assume that the interaction is small in a sense
thatVp < T. To perform the integration for the virial coefficient let us assume thafa2ro we
haveVi, > T.The quantity2rg has a meaning of the atomic diameter. Let us split the integral for
B(T) into 2 parts,

2r 0
° (1—e*BV12) r2dr+2n/ (1—e*5V12) r2dr.

2rg

B(T) = 2n /

0

In the first integral we neglect the exponential and obtain for bhat16rr3/3. In the second
integral we expand the exponential to get

—2n5/ Via|r2dr = —28a.
2rg

In this way,

B(T)=b—a/T — F=N?bT-a)/V,G =NPb—a/T).
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The total free energy is
F=Nf(T)—NTlog(e/N)—NT(logV — Nb/V) —N?%a/V .
Now we do something approximate. Since we have assumed that the gas is rarefied,
V>Nb — logV—Nb/V~log(V—Nb).
Let us assume that this expression holds also for large density! As a result,
F = —NTlog(1—Nb/V)—N?a/V.
This formula take account of tHanite compressibilityat large density. Now we get

oF NT NZa ( NZa
—

This thevan der Waals’ equatian



Chapter 11

Phase Equilibrium

11.1 Conditions for phase equilibrium

Consider an isolated body with the enefgyand volumeV. This state is non necessang-
mogeneoust can consist of two (or more) phase. For the case of two phases, the equilibrium
conditions are

Ti=T, PL=P, Wm=.

Since the temperature and pressure remain constant, the equality
m(PT) =(PT)

correspond to a line in théP, T)-plane along which the phases coyexist. In tfieV)-plane,
there are 2 lines because at a given pressure and temperature can have different volumes. This is

illustrated in Fig[I1.1

5 T

[ | I Figure 11.1:The hatched area cor-
responds to a mixture of 2 phases.

The Clapeyron-Clausius formula

Differentiating the equilibrium conditiop; = 2 with respect to temperature we get

Oy Oy dP _ Oy | Opp dP

oT  oPdT oT  oPdT’
135
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dP_ si—s q
dT vi—Vv2  T(vi—Wp)

Since

we obtain

whereq = T(s1 — &) is the heat of transition. This the Clapeyron-Clausius formula. This equa-
tion gives the temperature dependence of pressure along the phase equilibrium curve. Written
as

dT - T(Vl —Vz)

dp q
it gives the change in the equilibrium temperature (freezing point, or boiling point) when the
pressure changes.

The law of corresponding states

Let us discuss as an example the van der Waals equation of state,

__NT _Na
“V-Nb VZ~

We can notice that there is a special temperaflyet which the isotherm has anflection point
We have:

oP 0°P 8 a 1 a
=) =0, (3] =0 To= o, Ve=3Nb, Po= = = .
(av)Tc ’(avZ)TC Y M P T 272

Measuring thd® V, andT in the unitsP;, V; andT, respectively, we can rewrite the equation of
state in the form

(P’+\%) (3V/—1)=18T".
The van der Waals’ isotherms determined by this equation are shown IAER). So we are
able to express the equation of state in a form which is independent of the particular properties
of the gas. We observe thatht< T there are regions with positid#/dV. In that regions the
system cannot be stable. On the other hand, we know that the equilibrium can be achieved only
atP = const. As a result we arrive at the situation shown in [Elg3 To the right from the point
e the system is in a gas state, while to the left from the pittis in a liquid state. The phase
equilibrium takes place along the straight line- e which corresponds t& = const. This line
must be constructed in a way to kepgp= 2. This difference can be expressed as an integral
along the transition path,

e
ue—ub=/b dp=0.
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Figure 11.2: Van der Waals’
isotherms. The numbers near the
N curves are the ratios/Te.

04 06 08 1 12 14 16 18 2 22 24

Figure 11.3:0n the gas-liquid transition.

V

Sincedpu= (V/N)dPwe come to the conclusion that the integral along the isotherm,

e
/ VdP=0.
b

Geometrically it means that the areas between the isotherm and the-liedoelow and above
the line must beequal This rule is called thdaxwell construction

Van der Waals theory of the critical point

The calculations can be easily performed near the critical p&intntroducing notations

N N
P=P(1+p), T=T(1+T1) \7:\7(1+n)
C

and expanding in powers ofandn up to non-trivial order we arrive at the equation of state

p=41+61n+(3/2)n3, (dp/dn); = 6T+ (9/2)n°.
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The Maxwell condition can be written as

e Ne
/VdP:O . / n(@_p) dn=0.
b nn  \0n/;

Since the integrand is an odd functionrofve getne = —n,. From the conditionp; = p2 we

obtain
Ne=—Np=2y—-T, p=4r.

The boundary of the metastable region are given by the equation

Ng=—Nc=2y/—T1/3.

According to the Clapeyron-Clausius formula, the heat of transition is proportioRaHn
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Continuous Phase Transitions

Introduction

In the following set of lectures we shall discuss so-called continuous phase transitions, or transi-
tions of the 2nd order. A generic system to discuss the transitions is a magnet. Thus we start in
recollection of thermodynamics of a magnet.

Thermodynamics of a magnet

Consider a long and thin solenoid with the lengtand number of windingsl. Then the mag-
netic field inside the solenoid 14 = NI /L, wherel is the electric current. When the magnetic
flux @
through the solenoid is changing atectro-motive forceE = —0®/dt, the work made by
the battery being
AW, = EI At =1 A® = NAIAB = VHAB.

HereAs the solenoid ared is its volume, whileB = <D~/A is the magnetic induction. Introduc-
ing magnetizatiorM from the relationshif = po(H + M) we can express the work per volume
as

ML/V = A(UoH?/2) + poH AM.

The first item is the energy of external magnetic field which is present also in the absence of
material. The second term is the work done by the feglthe material. Consequently, the work
doneby the materiatan be expressed through the total magnetic momdeatVM as

AW = —-HAM.
As a result, the 1st law of thermodynamics reads as

dU=TdS-HdM

ouU ouU
T—(%)M’ “—(a—M)S'

139
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Generalizing of other thermodynamic potentials is more or less obvious:

F(T.M) = U—TS—dF=—-SdT+HdM, s=— (25} H=(ZL) .
T ) oM / ;
G(T.H) = F—HM — dF =—SdT-MdH, s=— (28} m=—_(%¢) .
aT /4 oH /;
General considerations

Uniaxial ferromagnet is a simplest example of phase transition. At zero external magnetic field
magnetization vanishes at certain temperafty.eBelow T, aspontaneoumagnetizatioMo(T)

is observed, its direction can be “up” and “down” with equal likelihood. The dependén(Ce)

is schematically shown in Fil2.1 This figure can be explained in the framework the Ising

My(T)

Figure 12.1:The spontaneous magnetization as a function
of temperature.

T

Tc

model. According to that model, spins are located at lattice points in a regular lattice. They can
point up and down. Nearest neighbors interact in a way that is is favorable to point in the same
direction. As we know, the free energy=U — TS— HM has to be minimized. AH =0 it
consists of two termg) and—T ST). At low temperatures the energyis more important and

the system is a ferromagnet. At high temperature the free energy is minimizéiddogered

state in which the entropy is large. It is the fight between the order and disorder that makes the
critical state specifically interesting.

In real life, the above conclusion is true for the dimension 2, while for d = 1 the mag-
netization never vanishes. That indicates that phase transition is a collective effect depending on
interaction of many spins. The higher the dimension the greater the number of neighbors, the
stronger the collective effects.

Coming back to the case of a uniaxial ferromagnet, we can define the spontaneous magneti-
zationMo(T) as theorder parameterin some cases it is difficult to specify the order parameter.

In general it can be a scalar, a vector, a tensor, etc.

When an order parameter is specified, the next question is if the transition is of 1st order,
or it is continuous In the example of the ferromagnet, it is the question if the spontaneous
magnetization goes to zero at— T, is a continuous way, or it is abrupt. This is a delicate
issue. Assume that we ramp the external magnetic field from a negative to a positive value. Than
theH = 0 the magnetic moment changes fresVlg(T) to Mo(T), i. e. the transition is of the 1st
order. Thus the character of transition cannot be specified without specifyitrgutisgion path



141

At continuous phase transitioostical phenomenare observed. Usually a number of quan-
tities showpower lawbehavior close t@c, e. g.

MO(T) ~ (TC—T)B-
Other examples of critical exponents for thermodynamic quantities are

M
C~[Te—T|7°, x:(g—H> ~|Te=T)7Y, IM(H,T=T)|~HY?.
T

An important concept of the theory of continuous phase transitions isrtiversality class
It became clear during 1960’s that a number of details in a given system are irrelevant as far as
critical exponents are concerned. Systems of the same dimension and with a phase transition
into an ordered state with the same symmetry belong to the samersality class They have
essentially the same critical properties. The justification of that concept will be discussed later.

Examples of phase transitions

We shall classify the phase transitions by the spatial dimensionality and the number of indepen-
dent components of the order parametérn).

Magnetic systems

Uniaxial ferromagnets: described by the Ising model, the universality class béihd).

Hard axis ferromagnets: mg is a vector in thexy-plane perpendicular to the hard axid, 2).
This model is called thesotropicxy-model, the universality class beilid, 2).

Heisenberg model: the magnetization is isotropic in 3 dimensions, the universality class being
(d,3).

So far we have assumed isotropy in spin space. This assumption can be relaxed, and one can
also expect, say, cubic anisotropy. In this case the corners of a (hyper)cube in spin space are
energetically favored (or suppressed). That gives riseetouniversality classes.

Antiferromagnets: Neighboring spins prefer to point to different directions, and on the average
there are equally many spins pointing in opposite directions. The order parameter on a 3d
cubic lattice can be chosen staggerednagnetization,

_ _ 1\k+I4+m )
Mg k%n( 1) (Mkim)

where (my,) is the magnetic moment of spin at the lattice pdini,m). Note that the
universality classes for antiferromagnets are the same as for ferromagnets.
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Fluid systems

The universality class is the same as for the Ising mddel,) because the order parameter is a
scalar. The situation is more complex for liquid mixtures.

Superfluids and Superconductors

At the temperaturd = Ty, ~ 2K, liquid He* undergoes a continuous phase transition from the
normal phase (Hel) to a (partially) superfluid phase (Hell). The relative fraction of superfluid
componentps/p decreases continuously from 1t=0to O atT = T,. It appears that the
proper order parameter ist&o-componentotation invariant quantity, so the universality class
in (3,2).

A similar situation is relevant to superconductors. However, the critical region in the "old”
superconductors is so narrow that it is almost irrelevant form the experimental point ¢f view.
The critical phenomena were, however, observed in Aigbperconductors.

Liquid crystals

Liquid crystals consist of long molecules. At the 1st approximation they can be considered as
inflexible rods. The simplest phasenismatiowvhere the rods are oriented. Otherwise the nematic
is a disordered liquid.

There exist more complicated structure lidlgolestericohase where a director rotates at a
constant pitch in a plane perpendicular to the direction in which one moves. The period is about
3000A. Smectidiquid crystals combine orientation order with a spatial one atomegirection.

Structural phase transitions

These transitions are changes in the spatial symmetry of the crystalline lattice.

Other phase transitions

One can name many other phenomena which can be regarded as critical ones, e. g. change in the
symmetry of adsorbed monolayers, percolation, dynamical phase transitions, etc.

12.1 Landau Theory

Landau theory was designed to describe systems close to a phase transition where the order
parameter is small. ¢ can be a scalar, vector, etc. Near the transition point we can expand the
free energy as

G(P.T,) = Go+ay+Ap? +Cy° +By*... .

Having in mind the magnetization as an example, we can specify magnetikét@snan order
parameter, then the free energy depend§,dh M whereH is the external magnetic field. Those

1The situation is a bit different at low dimensions.
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are theintensiveparameters which characterize the state. Note@tnot a true Gibbs free
energy, it is a hypothetical free energy which would be the case if the system with the order
parameter) could exist as an equilibrium one. The equilibrium is reached at the minimu@n of
and in the minimum it coincides with the Gibbs free energy.

The total scheme of the Landau theory is the following.

e The free energy must be properly defined and then expanded in a Taylorigeteshe
minimalrelevant order (see below).

e The spontaneous value(s) of the order parameter is found by minimizati@mith re-
spect tap keeping the thermodynamic parameters constant.

Uniaxial ferromagnets

In zero magnetic field there is up-down symme€yT,M) = G(T,—M). Thus
F(T) 2, U(T)
or

Existence of stable minima require§T ) to be positive. Atr(T) > 0 the free energy has one
stable minimum, while at(T) < O there are 2 equivalent minimaMo, see FiglZ.2 The

AG(T,M) = G(T,M) —G(T,0) = M4

AG AG
<0
Figure 12.2:The free energy above
(left) and below (right) the critical
temperaturd..
>0 M, M,
M ) M

higher symmetry phase at> 0 is replaced by a lower symmetry phase. This phenomenon is
called thespontaneous symmetry breakingt r(T) = 0 the high symmetry of the disordered
phase in broken anoheof the low temperature ordered phases is chosen.

Obviously,r(T¢) = 0, and neail; we can assume

r(T)=at; u(T)=u(Te)=u.

Heret = (T —T.)/Tc is the reduced temperature variable. Differentiatiotafith respect tavl
yields

0G u
0=(-—] =at+—M3.
(OM ) T
This equation has 3 solutions,

M=0, M=+Mpy==+,/—6at/u.
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From Fig.12.2it is clear that the 1st solution represents a stable minimum akgowehile the
other represent degenerate minima belgwif we present the solution as

Mo O (—1)F  — o O (—1)F
we obtainf3 = 1/2 for the critical exponent The critical exponents following from the Landau
theory are called “classical”.
Jump in Specific Heat

Now let us consider the specific heat,

0S 902G
C—T(a—T)Hzo—‘T (W)Hzo'

HereG is the usual free energy,
G(T,H) = mNiInG(T,H,M).

At H =0we get
[ G&(T,0,0) ; T>0
G(T’H)—{ G(T,OMo(T)) : T<0 °

As aresult, at < 0 we obtain

~ ar6a(—t) u [/6a(-1) 2
G(T,O):G(T,0,0)—‘r—? J +E(T) .

Now we easily obtain the specific heat by differentiation. DenoBing= —T32G(T,0,0)/0T2
we obtain
C— C, , >0
_{ C, +(T/Te)?-(3a%/u) ; 1<0 °

Thus we observe megative jumpn the specific heat if one passes the critical point from below.

Magnetic Susceptibility
Now let us study a response to a small external magnetic field. Then we have

~ T T
AG(T,M) = —HM + r(z—')MZJr %mu-.. .
The minimization with respect tM leads to the equation for the equilibrium value of the mag-
netization Mg,

1 3
H:rMe+§Me+"'~
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The inverse susceptibility is defined as

oH u
-1_ _ 1 Y9\2
X _(aMe)T r+2Me.

Substituting the equilibrium magnetizationtht= 0 we obtain

1 J at ; >0
X = 2a(—1) ; 1<0 °
If we define the critical exponent of the quantiyr) as
= _ im MAM
-0, InT

we find the classical critical exponent 1. We gety (1) O |t| Y with the slope ratid\ . /A_ = 2.
At the critical isothermt = 0,
u

3!M§ — Me OHYS3,

H=

If we in general assumile 0 HY/2, then the classical value éfis 3. Later on we shall compare
the values of critical exponents with more general theory and with experiment.

Role of External field

Let us now discuss the situation in a finite external field. The plot of the free energyl vs.
shown in Fig[12.3for T > 0 (solid line) andr < 0 (dashed line). We observe that there is a stable

G Figure 12.3The free energy at a finite external field.

minimum in both cases — magnetic field removed the system from its critical point.
Conclusion: If we are interested in continuous phase transition the fields which linearly
coupled with the order parameter must be removed.
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Role of Cubic Invariants

Now let us consider the case when symmetry of the system aildvisrms. Then

~ r(T) c u
MG = W g gt
Let us putc > 0. The analysis of that free energy becomes clear fromEgl At sufficiently
large positivet the profile has a shape shown in the left panel. It has one stable minimum at
Y = 0. At low temperatures an additional minimum develops, and at sontl@s minimum is
degenerate witlyy = 0 (middle panel). At lower temperatures the second minimum is the only
stable one (right panel). Thus there is a (weakhg} ordertransition fromy = 0to somea} = Yo

0.01

G Figure 12.4: The free energy with a cubic invariant in-
cluded.

att = 1o.
Conclusion: Cubic terms results in a first-order transition rather in a continuousoae)
does not have the significance of the transition temperature in this case.
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Tricriticality

Now let us return to the simplest case where the free energyesin the order parameter. Let
us assume that> 0, butu is negative To keep the stability one has to add the higher order term
to get

~ I 5 U 4 W g
AG = WP+ gt U

At w > 0the system undergoes a 1st order phase transition at some temp&amesponding

tor =rp > 0. Above Ty the equilibrium order parameter is zero (see right panel of[E2c5).

At T = Ty the transition takes place to one of a symmetric set of states with lower symmetry
at which the order parameter isi)p. The temperature dependence of the order parameter is

Figure 12.5: The free energy with a cubic invariant in-
cluded.

shown in Fig[12.6 Suppose now thatis a function of some parametgr,and it changes sign at

p = pc. At this point the character of phase transition will change from 1st order to continuous.
The pointr = at =0, u(p;) = 0is called thetricritical point. It is easy to find classical critical
exponents at the tricritical point. Putting= 0 and minimizing the free energy we obtain the
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Figure 12.6:The order parameter as a function of the
temperature at < O.

To T

expression for the order parameter,

5!a(—r))1/4 |

aty +ﬂtu5—0 — YYo=
0T 5ro— 0= W

Thusp; =1/4.

Summary of the Landau recipe

e Giventhat the system has a continuous or weakly 1st order phase transition form a disor-
dered phase to the phase of higher symmetry.

e Characterize the order of the low symmetry phase and define the order parameter (scalar,
vector, tensor, or..).

e Introduce the proper free eneré(T, ) for a givenspace-independentrder parameter.
The given value of this parameter does not have to be the equilibrium value.

e Write down the Taylor expansion & in powers ofy, where all the terms compatible with
the symmetries of the system are included. Include only the minimum number of terms.

o Write the coefficients of th@-expansion as a Taylor expansiontia= (T — T¢) /T and
keep only the leading on&s.

e Determine the equilibrium value(a)g, by minimizingG with respect tap.

e Substitutalg into the minimum, free energy and calculate equilibrium properties like crit-
ical exponents.

2Sometimes a parameter different from the dimensionless temperature can play arole of
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Critique
e The Landau theorgssumeshe existence of the phase transition.
e A general recipe for constructing the order parameter does not exist.
e Spatial dependence of the order parameter is ignored.

e Fluctuationsof the order parameter are neglected.

12.2 Scaling laws

Consider a system close to continuous phase transition. Let us introduce reduced temperature,
T, and external fieldh, the transition point corresponding to,h) = 0. Since we are interested

in singular behavior near the critical point let us separate the singular part of the free energy,
Gs(1,h). The crucial point is to assume (following B. Widom, 1965) that

Gs(A3T,APh) = AGg(T, h).

This is the so-callethomogeneity postulateéThe physical reason for the postulate will be dis-
cussed later in connection with renormalization group arguments. The postulate allows one to
express all the critical exponents through the const@aatsdb, and to find relationship between
the exponents. These relations are callecsttading laws

To derive scaling laws we choo3& = |t|~L. Then,

T h
Gs(T,h) = ‘T’l/aGs (H7 W) :

Sincet/|t| = +1 we can expres6s as
Gs(T,h) = 17 %D, (h/[1]%), a=2-1/a A=b/a.
After such an assumption the specific heat is

0°Gs(T,0)

C
ot2

L

while @ (0) = A are constants. The generalized magnetization is

G e
M~ =0 = [T 8 (h[T)*).
At T > 0 spontaneous magnetizationy vanishes, thust’, (0) = 0. However, whert < 0
@' (0) =B_ # 0. As result,
B=2—-a—-A.
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In a similar way, the isothermal susceptibility in zero field is given as

- (57). ~ G = ie e =l 0),

oh oh?

With @[ (0) = C.. # O we obtain
y=-2+a-+2A.

Excluding the "gap exponent we have
A=B+y — o+2B+y=2.

This is the first example of thealing law. Note that classical exponents éee=0, 3=1/2, y=
1) while the exact Ising one for a 2D system &e=0, 3 =1/8, y=7/4), as has been derived
by L. Onsager. Both sets meet the scaling law.

What is left is to determine the exponeadfor the critical isotherm. The problem is the
argument of the functio®’, tends to infinity aft| — O for finite h. Assuming thatb’, (x) ~ x¥
for largex we obtain

m([t|) — 0,h) ~ [1|27 0B KARK,

Formto have a finite value dt| — 0 we have to put

2—0o—A—KA 0= —«——.
- 2—ad—A
After a simple algebra we obtain

A=B0=B+y — a+n(l+9d) =2,

that is the second scaling law.
Using the scaling laws we can express the behavior of the order parameter as a law of corre-

sponding states as
m h
—— = [ — | .
e <|T|35>

12.3 Landau-Ginzburg theory

The Landau-Ginzburg (LG) theory is an attempt to take into account fluctuations of the order
parameter in its simplest way. Taking the uniaxial ferromagnet as an example we consider now
thelocal magnetizatiomn(r) as the order parameter. Then the free energy becorfuegtonal

of m(r) rather the function of a total magnetic momekt, The recipe is to add only simplest
non-trivial terms. Since the free energy must be an even function of magnetization one can
imagine the combinations likea(r) Om(r), mOd?m, (Om(r))?, etc. The 1st combination can be
transferred into a surface integral, and the 2nd and the 3d ones can be combined using partial
integration. As a result, the LG functional is constructed as

GLG—/dI’ Dm + = rr12( )+4|m()+ }
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As beforer = art, u> 0, g > 0. The latter inequality implies that the homogeneous state is the
equilibrium one.

The LG theory allows folong-rangefluctuations because it is an expansion in powers of the
magnetization gradient.

Classical fluctuations

In the classical liming discussed we keep only the terms quadratic in fluctuations. Then the
fluctuations areGaussianand various fluctuation modes are statistically independentl At

Te, and withh = O, the spontaneous magnetizatign(r)) = 0. Consequentlym(r) is itself a
fluctuation. To order ofr? we have

GLG—/dr {g 2rnz(r)+---}. (12.1)

Below T the fluctuation idm(r) = m(

r)—mo(T) wheremy(T) = (m(r)) is the spontaneous
magnetization. The expansion up(&m)*

gives

G /dl’ {g Dém n%+4|n'b
+[r+;mo} (6m [ m%} (dm)?

+5 ! umy (dm)° + (6m) +} : (12.2)

3! 41

According to the Gaussian approximation, the items proportionébrg and (dm)* are ne-
glected. Furthermoreny = —6r /u, and the item proportional tdmvanishes. As a result,

GLG_/dr{ (D3m)?2 m%+ } (12.3)

Since d
dr A(r A_B ——A B
/r VZK"/(Zn)dkk
we obtain abové,
1 /
Gle = 5, ;(gkﬂr)m_km&. (12.4)

Y/ means the we restrict summation up to sd@e/e have to do that because we neglect higher
gradients.
Now we are able to calculate correlation functions like

f|‘|kdm<mqmq/ exp(—Gg)
Mga = (Mamy) = S Mkdmc exp(—Gre)
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Here[], means that one has to take into account ¢k|y< ko. Sincem(r) is real,my = m* , it
is clear from[2.9) that
m __ m
rqq/ — V 6q/77q rq

where

_Jkdmem_gmg exp(—Gio)
(M-qMy) = JTkdme exp(—Gg)

Let us count only thosk for whichky > 0. Then

m
rq

/ 2

|_|dm< = |_|drrLkdm<
k k
/

Z(gkz-l-r)mkm( = Zi(gkz-l-r)mkmk.

As a result, we are left with the integral

pm_ 1/ dm qdmym_qmg expl—(gef +r)m_qme/V]
TV Jdmgdmy exp— (g +r)mgmg/V]

Sincem_q is a complex variable we can parameterize igs= mé? and calculate the Jacobian

o(m_q,my) e do .
= e e | = 2im.
a(m, ) ime™'? imée

Then we can introduce a new variable- n?, dx= 2mdmand use the result for Gauss integral.
As a result,

m — 1

9 gf+ar’
This formula has been obtained previously by Ornstein and Zernike in 1914 using other consid-
erations. After Fourier transform to real coordinates we obtainl forl andr > &

(1-d)/2g-1/& ¢
m r e or r>»§&d>1 .  ——
) {rz—d for r<& d>2" &= vo/ar

In this way we predict critical exponents for the correlation lengts, 1/2.

The Ginzburg criterion

Let us estimate the validity of the approximation made. The measure of the total strength of the
long-wave fluctuations are given by the integral

/dr M)y =rg, rg=rgo=(ar) .
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Let us denote a typical value of the fluctuation squareddny)2. Since the typical diameter of
correlated region i§ we have

Consequently,

L 1 /a\ 92
(5m)2 -~ E._d (aT)_l o= (_> -[(d/Z)—l‘
a\g
Now we can estimate when we can neglect 4th order terms in the expansion in powers of fluctu-

ations. A typical value omwhen the 4th and 2nd order terms are comparable is
r_ u_, —» 12at
L
2" T u
The LG theory is valid atdm)2 < m?, or at
2
a d/2
T@-4/2 « = (9) .
u \a
This is the famous Ginzburg criterion. We see thatlat 4 this criterion is always satisfied
because the r.h.s. is a constant depending on the concrete problem under consideration. Thus
dc. = 4 is called theupper critical dimensionality Accordingly, all the critical exponentsake
their classical values.
At d < d. = 4 the Ginzburg criterion is violated close to the critical point. Bo 3 the
criterion has the form

> u?/sg?,

so the LG theory is reasonabietside that region. The upper critical dimensionaldy = 4 is
valid for all the universality classésl,n). We postpone a discussion what is going on in a close
vicinity of the critical point.

12.4 Ginzburg-Landau theory of superconductivity (SC)

Let us formulate the theory of SC transition as the one for a general continuous transition. First,
one should define the order parameter. As the order parameter it is natural to chose¢he
function of the Bose condensatB. According to the principles of SC, it is natural to assume
that the ground state corresponds to the total momentum equal to 0, the wave function being the
same for all the Bose patrticles.

Near the critical temperature, the modulus of the order parameter is small, and one can expand
the thermodynamic potential as

b
Gs=Gn+al W[+ S|W[T 4.

Because we are interested in the vicinityTgfve can expand the coefficients in power of

T-T,
1= c
Te
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According the definition ofl¢, aboveT; the stable state corresponds¥o= 0, while below T,
Y =£ 0. Thus the coefficierd should change the sign at the transition point:

a=oat, a>0.
As a result, we describe the equilibrium values of the order parameter as

l'IJ:O at T>Tc,
W2 =—(a/b)t=|W? at T<T;

Inserting the equilibrium value if¥o|? into the expansion and comparing the result with the
known relation for the critical field, we get

P 1 5
Gs = Gn = 2b ~ 8m

The last equality is a consequence of the definition of the critical field. IndHgg@rm is just

the energy of magnetic field repelled from the sample in the MeiRner state. Tha%ABican

be related to the critical temperatuFfefrom the BCS theory of superconductivi§y. The most
interesting case is the case of external magnetic field. In this\WWasecoordinate dependent
Thus we should add both the energy of magnetic fiefd8m and the energy connected with
the inhomogeneity. Near the critical point it is enough to #d#|. Here we come to the most
important point: Cooper pairs acharged particlesConsequently, because of gauge invariance,
only combination

. 2e
—ihO0+4+ —A
c
is possible. To make a proper dimension we write the corresponding term as

(- Za) v

2

1
4m
Finally, we get for3G = Gs— G9

5G = /dv{ar|w|2+g|w|4+$n ‘ (—iﬁD—i—z—CeA) W

2+ H2

8m |
Here G2 is the free energy of the normal statéthout magnetic fieldTo get the minimum we
calculate variation with respect t8*:

/d’V {arwaw* b WPWEW* %ﬁ (—iﬁD+ %A) W <iﬁD+ %eA) 5w*}

3 a2/2b = clg(er) (keTe)?. whereg(er) is the density of states at the Fermi level whileis a numerical
constant.
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The item with thelJdW* can be integrated by parts. Using the Gauss theorem we get
. 2
Efaw* i+ A wds+i/dq/6w* ot A w.
am Js C 4m C

Then we putdW* = 0 at the surface and arbitrary inside. As a result, we get the following
equation for the order parameter

1 . 2e \? 2
— [ —ih0+—A ) Y+at¥W+bW“W=0.
4m c

If now we putdW* at the surface to be arbitrary, we obtain the boundary condition
. 2
n (—lﬁD + EeA> Wis=0.

The variation with respect 0¥ leads to the complex conjugate expressions.
Now it is important to get the equation for electric current. To obtain it one should calculate
the variation with respect to the vector potenfialThe variation oH? leads to

3(curl A)? = 2curl Acurl 3A.
Then we can use the relation
div [ax b] =bcurla—acurlb

to get
(curl A)2 = 28A curl curl A4-2 div [8A x curl A].

The second integral can be transformed into the surface one, thus it is not important. On the
other hand, from the Maxwell equations

471, .
curl curl A =curl H :?T[j —  d(curlA)? =2j0A.

The rest of the free energy can be calculated in a straightforward way, and equating the total
variation to zero we obtain

j :@(w*mw— wow) — gytlJ\ZA
2m mc

This is just the quantum mechanical expression for the current for a particle with the charge
(—2e) and the mas&m. The set

(1/4m) [—iR0 + (2e/c)A]2W + aTtW + b|W[2Y = 0,
j = (ieh/2m) (W*OW — wOw*) — (2¢%/mo)|W|?A

forms theGinzburg-Landau equations.
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Dimensionless parameters and their meaning

To make the equations simples new dimensionless parameters are usually introduced:

W H r A
W="0/ H=—r r=5 A=
%o Hev/2 ¢ Hedv/'2
: 2mc2 at alt|
with 6=,/ ——— He =2VTT— W=~
4m(2€)243’ ¢ f\/B’ " b

The quantityWy is a spatially-homogeneous solution of the GL equations in the absence of
external magnetic field. In the following we will omit primes and use these variables. As a
result, the set of equations can be expressed as

. 2
(&D—A) Wowy|wRy = o,
curl curlA—i(LP*DLP—LPDLP*)—HPFA ~ 0
with the boundary condition

i
n (ED _A) Wsurface= 0-

This set contains only one dimensionless parameter

2
K= 2\/§eH°6
hc
which is called thesinzburg-Landa(GL) parameter.
To understand the meaning of the parameters let us consider the simplest problem, namely
penetration of a weak field into the supercondustorO. LetH || z, A ||y, (see Figll2.7). We

Figure 12.7:0n the magnetic field penetration into a super-

H

conductor. Solid line is the field profile while dashed one

shows spatial dependence of the order parameter.

X
have dA,
H(x)=—=.
(%) =
It is natural to consideW as a function only ok. We get
1 d?y 9 dw
vl —W+A W =0, asurfacezo-
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At K < 1 one can assumié =const, in the bulk of material it is natural to assuf#4? = 1, we
choseW real. Immediately we get from the second GL equation

d?A . .
F ~A=0 — H=Hpe™, inusualunits H=Hge 9.

Thusd is just the London penetration depth n@ar

Application of the GL theory
Surface energy of N-S interface

First, let us derive an auxiliary expression for the free energy which will be used below. Using
dimensionless notations we get
2
+ HZ} .

2 4 -
/(QS—QSP)) drV:Z'_;/dq/ {—|w|2+%+’(%—A> w

Then we integrate the item withW* by parts, the surface integral being zero. In the rest integral
we take into account th& obeys the GL equation. As a result,

/ (QS—QE,")) d'l/:%‘i/dfl/ {H2_ #} .

If one keeps the external fieldg fixed the corresponding thermodynamic potential can be ob-
tained by subtractingloB /41t In @ normal phase, correspondingdyy = QE,O) — H§/8T[. As a

result,

2

Consider the problem where all the quantities depend only upon one co-ordinate vdaile
A L x. The set of equations has the form (we’ll see &t real)

2 4
/(QSH —QnH) drVZZI—;[/d’V |:(H — Ho)z— &} . (12.5)

1 d?w dw
K2 dx2 +LP<1_A2) ¥ =0 —dx|surface: 0,
d’A

It is easy to find the first integral of this set. Let us multiply the first equatiod'Bydx, the last
one — bydA/dxand them add the equation and integrate awver

W (1-AY) - B

/x y 1dWdy | dv dw d’AdA w2adh _ g
0 K2 dx2 dx dx dx dx2 dx dx|

We obtain

1 /dw\? . W 7dA\? 1
p(&) + ¥ (1—A)—7+(&> —COﬂSt—E
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(the constant being determined from the boundary conditions).
To find the surface energy we formulate the boundary conditions

Xx—ow (S): W=1 H=A=0, dW/dx=0,
Xx— —oo(N): W=0, H=Ho=1/v2, d¥/dx=0.

At kK < 1 the most important region whefeandH are small. Thus, we get

1 /dw)\? w1 dv  «
— (=) +¥?>—-— =2 = (1-92).
K2<dX> 2 "2 dx \/E( )
The solution is Kx
Y =tanh—,
V2

it is wrong in the region where the field penetrates, but this region is small. We observe that
the typical length at which the order parameter is changed is (in dimensional yiaitgd. & is
calledthe coherence length

Now we can employ EqZ.5 and putHo = 1/+/2, H = 0. We obtain

HZ HZ 4v/2
¢ {1—tanhzﬁ}dx——° V2

Ons= B V2] T8 3k

In dimensional units that means
_ 4/2HZ3

ons= T3 Bk

The opposite limiting case can be treated only numerically. The result isthatO atk = 1/v/2
and atk > 1/4/2 it is negative. This property has very important implication on the magnetic
field structure in superconductors.

Quantization of magnetic flux

Consider a hollow cylinder placed into a longitudinal magnetic field. Assume that the cylinder is

Figure 12.8:0n the flux quantization in a hollow cylinder

in the Meil3ner state. If the order parameter has the form

W= |y|eX
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the current is

. eh 2e
j = —E|LIJ| {Dx+ e A}

We can divide the current density Y| and integrate over a closed circuit in the bulk of super-

conductor:
j-d 7{ %
|‘P|2 [ dl - Ox +ﬁ Adl

O 21K flux

Thus
®=kdg, ®g=rhc/e=2.07-10'G-cn?.

It is interesting that the effect has been predicted by F. London (1950) before the concept of
Cooper pairs. He assumed the quantum tate/ e = 2Pg.
In any case the quantized quantity is in fakoid

fmxdl

which is equal to the total flux through the hole and the surface layer. As a result, the flux
guantization through the hole is not exact.

Quantization of magnetic flux through a hollow cylinder has been experimentally observed
and has many implications.

12.5 Mean field theory

The mean field approximation

This is a basic approximation which allows one to find main results regarding phase transitions
leaving alone some subtle problems about correct critical exponents. For simplicity, let us restrict
ourselves with the generic Ising model with the partition function

VANES zexp<BZ‘]ljSSj +Bzhls>

i<]

The main idea is to look at the world from a point of view of a given spin. A given sfigels”
the external field + the fields created by the neighbors,

hi({s}) = ZJljsj+hl7
where prime means that j. The first step is to replace the actual field by the average one,

({S})Hhe Z\J” SJ +h| ZJ”m—}—h,
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Then .
Zn — 28 = § BIiMS — M 2coshph?).
25 = [ 2eosnen

Then we have to close the scheme, i. e. to calcutate (s). Since

_loinzZg

we have the equation

m; :tanh[B (iJijmj +hi>
]

which should be solved far.
In principle, it is a set of many equations, and further simplifications are required. Before
doing that we shall list some comments.

e The mean field approximation neglects the fluctuations of the order parameter. So the
critical exponents are classical.

e Contrary to the Landau theory, the mean field theory can be used even when the order
parameter is not small. This is why it can be used to disgledsal propertiesf the phase
diagram.

e The mean field theory works better if the interaction range is large.

12.6 Spatially homogeneous ferromagnets

Assume the spatial homogeneily,= h, and that surface effects are not important. Thenr-
J(ri,rj) =J(Jri —rj|). We obtain

m=tanhB(IJm+h)], J= i‘]‘i .
]

Let us discuss the cage= 0. The situation is illustrated in Fi@2.9where the I.h.s. and r.h.s.
are plotted At smalB (high temperatures) there is a unique solutios 0, while at lowT (large

) 3 solutions exist. Analysis of the free energy shows that the solatien0 is unstable, the
other ones are degeneratéat 0. At the critical point all 3 solutions merge. That takes place at

atanr(BJ_m)) _@ie1 — T.—J= /J..
< 0 B ) C ; 1] -

om

With nearest neighbor interaction and for a (hyper)cubic lattiee2dJ whereJ is the nearest
neighbor interactiorf?

4At d = 1 the predictions of the mean field theory are wrong eyealitatively.
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taniq pIm T<T,
3 T=T,
: T>T;
-m o | Figure 12.9: Graphical solution of the mean field
‘ / m equation.

Let us re-derive the same expression form another point of view which seems useful for
following discussions. From the mean field equation we we can calculate the susceptibility

. (gL:)T — cost* [B(Im+-h)] {BJ_((ZL:)T ”3} |

Puttingh = 0 and having in mind that at > T, m= 0 we obtain
T
X — B S— .
1-B) T-Tc

In this way we obtain that susceptibility id divergent at the critical point, and the critical exponent
y=1

12.7 Renormalization framework

The main idea (L. Kadanoff, 1966) is that singe~ « at the critical point there is no intrinsic
scale for the long range fluctuations. Thiis fluctuations must have the similar appearance
at all the scales. Geometrically speaking, the critical state should have properties of a fractal.
Thus,critical Hamiltonianshould exist for the variables on any scale. The Kadanoff's idea was
a starting point for K. Wilson who has developed a quantitative approach (Nobel Prize, 1983).
The method is anapping or therenormalization group transformatiowhich transforms the
Hamiltonian from one scale into one describing the system on a larger length scale.

The proper way to perform such a scaling is to keep long-range (critical) fluctuations un-
changed. We shall briefly discuss only one way to perform such a scaling redhgpace
renormalizationconstructed by Th. Niemeijer and J.M.K. van Leeuven.

The mapping

Let us consider a general class of Ising models. Nligpins take the values = +1, the Hamil-
tonian can be written as

H(s) =) Kis +ZKikSSk+%KikISSk$ +:0 =5 KalMa(9). (12.6)
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Let us fix the origin on the energy scale by the stipulation

Z H(s)=0.
S
The equationI2.6) can be inverted to express the coupling constﬁgtaﬁ

1
KB = 2—NZHB(S),’7‘[(S) (12.7)
The thermodynamics of the model is contained in the partition function,

1

S

Here G is the free energy per spin.
Our goal is to map the effective Hamiltonidh6) to another one relevant to a larger scale.
Consider spins on a 2D triangular lattice, as shown in[EXy1Q Let us consider a triangle as a

W W

Figure 12.10Cells in a triangular lattice.

_

new spin. The “coarse-grained” spins are defined according to the algorithm that it is the same
as the majority of spins in the covered triangle. This mapping can be analytically expressed as a
projection operator,

P(s,s) = []P. P.z{ Lt S —san(s; +8,+y)

i 0 otherwise

Herei labels the cell while‘{( are original spins in the celll Then we can write,
Zn=3 S P(s,9e P TP, =1.
s ‘s S

Now we can determine a new Hamiltonian which is valid on the new scale as

S (s, s)e P9 = PuBHS),
S

5 To prove this equation one can substitl&.@) into (IZ.7). For every pair of seta # B the spins, summed
over all the states gives zerp, s« = 0. Whenp = a each term gives unity, and there &¥such terms.
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We have to introduce a spin-independent expoféntto keep the property
2}[’(5’ )=0.

This is a unique definition, and using the inversion schét@eff we can determine a new det
of the coupling constants. So we know, at least in principle, the mappirgK’(K).

The mappingH (s) — #H (<) is called theenormalization group transformatiofRG). In this
way we map a triangular lattice on another triangular lattice increasing the scal8.b§o we
can expect that singularities are the same for both Hamiltonians.

Global properties of the mapping

As a result of RG transform we get

Zn = ; P(d,s) e PS = fuz .
S

HereZ] is the partition function for the transformed Hamiltonian withcells. SinceN’/N =
| -9 wherel is the scaling factor,

g(K) :Ql+|1dG(K/)7 Q]_:Q]_/N.

The spin-independent item is calculated from the initial configuration when the fluctuations are
frozen. Thus it is not responsible for the singular behavior. Keeping only singular items we
require

G(K) = G (K.

Before using the RG scheme let us recall that the physical correlation length remains the same.
However while rescaling we use different yard sticks£6’) = £&(K). Since at the critical

point §(K¢) = = it follows that the critical Hamiltonian is mapped also on the another critical
Hamiltonian.

To demonstrate the procedure, let us choose the 2D set of the coupling conktants,
(K1,K2). An example is a magnetic system in a zero magnetic field having nearest and next-
nearest neighbor interaction. To discuss dynamics let us recall that the quagtfites-pK
rather tharK enter the the theory. Thus changing the temperature we can move radially in the
plane of effective coupling constars. The origin of theg(K7, KS)-plane corresponds to infinite
temperature, whild = 0 corresponds to the infinity in the direction given by the ragio’K;
(dashed line in Figl2.1]). Since for every such direction there is a critical temperature, the
subspace of the critical Hamiltoniams represented by line of criticality in the (KT, K5)-plane.

Suppose that we start fromsapercriticalHamiltonian represented by point 1. The repeated
RG transforms generate Hamiltonians 2, 3;-4,. The correlation length of the initial Hamil-
tonian was finite, so in shrinks byafter each iteration. Thus the Hamiltonian moves more and
more away from criticality. Eventually the poi(Kf, K5) = (0,0) is reached. In other words, the
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Figure 12.11:Results of RG transformation. The full line
defines the critical subspace. Initial Hamiltonians in this
subspace converge to the fixed point. An initial sub-critical
Hamiltonian, 1, is, by subsequent transformations mapped
on the Hamiltonians 2, 3, 4, etc., converging to the origin.
An initial supercritical Hamiltonian, 1’, is, mapped on the
Hamiltonians 2’, 3, 4’, etc., moving off to infinity. The
dashed line represents the locus of the laboratory system,
with fixed physicalcoupling constants, as the temperature
changed.

origin is afixed pointfor the RG transformation, withll the supercritical Hamiltonians belong
to thebasin of attractiorassociated with that fixed point. These considerations can be repeated
for supercritical Hamiltonians which end at some of the fixed points at the infinity.

The critical Hamiltonian stays at the critical line, so this line is iamariant spacefor RG
transformation. Following K. Wilson, let us take for granted that under repeated mapping the
critical Hamiltonian will converge to &ixed point Hamiltonian#™*. However, one can imagine
several fixed points with its own basin of attraction. This picture is usually represented as a
RG flow diagram, Figl2.12The consideration above can be generalized for the case of multi-

e
Kz\—/

/ Figure 12.12RG flow lines.

<

dimensional parameter space which we shall not do here.
As we shall see, the critical exponents are determined by the properties of RG transformation
near fixed points. That gives a new understanding of the coneeyptrsality class

Fixed point properties

The definition of fixed point is
K* =K'(K*).

Near the fixed point one can linearize the mapping as

K= TopdKp, K =K-K".
g
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Let us assume that eigenvalues of the maifriare real and positive. Sinck is asymmetric
one must discriminate between left and right eigenvectors. The left eigenvector belonging to the
eigenvalu@\' is defined as

A —

O T =N\P
One can introduce thecaling fieldas
u=ao.8K.
Then the rescaled field will be
W=0 3K =@ T-5K =\® 3K = Aju;.

Then one can assume thatepeated RG transforms with rescaling fadtare equivalent to a
single transform with a scaling facttt,

A" =N(1").
The solution of this equation has the form
Ai(h)y =1

wherey; is the critical exponent.
Usually 3 classes of the eigenvalues are discussed.

e Irrelevant with Aj < 1, i. e.y; < 0. The corresponding scaling fields decay exponentially
under RG transformations.

e Relevantwith A; > 1, i. e.y; > 0. They grow exponentially and remove the system from
the critical point.

e Marginal, withA\j = 1,i. e.y; =0.

Connection to Physics

Scaling fields are convenient variable to analyze the equation

G() = 5 G(W).
For magnetic system there are only 2 relevant fields;> T anduy, — h. Thus we have
1 .,., 1
G(1,h) = l—dg(r h) = l—dg(IyTr,thh).
This is nothing else then the Widom’s homogeneity postulate with replacement

195X, y/d—a, yn/d—b.



166 CHAPTER 12. CONTINUOUS PHASE TRANSITIONS

Summary

At present time, the RG theory is only an appealing picture, a seemingly fruitful way to think
about critical phenomena. The precise conditions must be met to make the transform accept-
able are less than clear. The main requirement is to leave long range fluctuations essentially
untouched.

According to K. Wilson, “There is no RG cookbook!”.



Chapter 13

Transport phenomena

13.1 Classical transport

Boltzmann equation

Let us consider electrons in a solid state as an example. We shall concentrate on the transport
under influence of electric and magnetic field.

According to classical physics, one can specify the coordinated the momentum of the
particle. Thus one can calculate the non-equilibrium distribution functigfr,t), the current
density being

i(r,t) = e/(dp)vfp(r,t).

Here we denotédp) = d9p/(2mh)9. The distribution function is defined by the Boltzmann
equation

dfp(l’,t) ﬁ+ﬂg+ﬁd_p+
dt ot  ordt opdt

Here
1
F:e<E+E[V>< H])

is the force acting upon the electronvss= dsp/0p is the (group) electron velocity, while, is
the collision operator It expresses the changes in the state due to quantum collisions and can
be expressed through the the transition probabilitybetween the initial stat@) and the final
state(f),

Icoll(fﬂ> - Z [Wora’ fa(l_ fcx’) _ch’a fcx’(l_ fu)] .

u/

Herea denotes the electronic state (in our case {p,s}).

167
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In a stationary situation and in the absence of external fields the solution of the Boltzmann
equation is the Fermi function. Substituting it into the collision operator we obtain a very impor-
tant relation between the probabilities of the direct and reverse processes,

Waa/efsa//kT — WG'G e*scx/kT .

Drude formula

The simplest problem is to calculate the linear response to a small stationary electri& field,
Since we assumké to be small, it is reasonable to search solution as

fo(r) = fo(gp) + &, |fD] < fo.

Sincel.,(fo) = 0 we come to the integral equation

0fo(gp) dfo(ep)
oo (FH)) = —eE o eEv( de, )

The linearized collision operator has the simplest form for elastic processesWghen Wy .
Then,
1 (1) _ (D)
Icoll(f( )) == Zpr/ <fp - fp/ ) .
p

Since we are interested in the function odgif(to create a current) and it must be a scalar it is
natural to assume that @
fo’ O(p-v), Vv=E/E.

Under such an assumption

f(l) 1 p\) 4
(1) = =Sy (PR )
tr tr p

The quantityr, is called the transport relaxation time. If the material is isotropic YWes depen-
dent only on the scattering angdébetweerp andp’. From the simple geometrical construction
shown in Fig[I3:1we observe that

py, = p'cosb cosp, py = pcosp.
Consequently, we can express the relaxation time in the form

1 1 /m :
- = g(gp)é/o do sinB(1—cosB)W(0).

Using the expression for the relaxation time we can write

£V = 1,e(E-v) (—df0(€p>> — j= ez/(dp)v(E-v)Ttr(sp) <—df0(8p)) .

dep dep
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7 Figure 13.1:0n the calculation of the transport relaxation time.

As a result, we arrive at the Ohm’s layv= oE with

o= /0 " deg(e) (VRT)e (_%ﬁ@) | (13.1)

Hereve means the projection of the velocity on the direction of the electric field, whilée
means the average over the surface of a constant eaergy

_ J(dp)AP)B(E—£p)
AP = =)o —gp)

The quantity
D= (VT,)e = %VZT" = %vﬁ

has an explicit physical meaning. This is just the diffusion constant for the electrons with a given
energye. Indeed, for low temperatures we get

o = €?g(er)D(er). (13.2)

On the other hand, the phenomenological expression for the current density in the presence of
the density gradient reads as

j = 0oE —eDln,
whereD is th diffusion constant. In the equilibrium the current is zero and
eDOn=eDg(ep)0C = —c¢.

At the same time, the electro-chemical potenfjat ¢ /e, must be constant and¢ = —el1C.
Thus we identify the quantity with the diffusion constant. EIB.Q) is known as the Einstein
relation.
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13.2 Ballistic transport

Landauer formula

We start this chapter by a description of a very powerful method in physics of small systems -
so-called_andauer approach

The main principle of this approach is the assumption that the system in question is coupled
to large reservoirs where all inelastic processes take place. Consequently, the transport through
the systems can be formulated as a quantum mechac@téring problemThus one can reduce
the non-equilibrium transport problem to a quantum mechanical one.

Another important assumption is that the system is connected to reservadsdquan-
tum wireswhich behave as waveguides for the electron waves. We start our analysis from the
discussion of the properties of an ideal quantum wire.

Ideal quantum wire

Consider 2 large reservoirs of electron gas reservoirs having the diffedancethe electron
density and separated by a pure narrow channel. For smahe can assume that there is a
difference in a chemical potentidit = dn/g(eg). In the following we shall use the Fermi level
of non-biased system as the origin for the chemical potentials. So the difference between the
chemical potential ii-th reservoir will be denoted ag.

If the channel is long and uniform, then the total current carried by the state characterized by
a transverse modeand a given direction of spin which propagates without scattering is

J—e dk; den(kz) 2 /SFﬂlB z_:asn(kz)/akz _g
") 2mh ok,  2mhJersp,  |0€n(Kr)/0K]  h

If we take into account electron spin ahdtransverse modes are open, then the conductance is
given by the expressio = %N.

We come to a very important conclusion: ideal quantum wire hafinite resistancé/2e’N
which is independent of the length of the wire.

As we have seen, even an ideal quantum wire has a finite resistance. That means a finite heat
generation even in the absence of any inelastic processes inside the wire. Below we will discuss
the physical picture of heat release by a current-carrying nanostructure.

First of all let us specify what heat release is. It will be convenient to consider an isolated
system. Therefore we will have in mind the following physical situation. There is a capacitor
which is discharged through the conductor of interest. The prodCGobf the whole system,

R andC being the resistance and capacitance respectively, is much bigger than any relaxation
time characterizing the electron or phonon system of the conductor. This means that for all the
practical purposes the conduction process can be looked upon as a stationary one. The total
energy of the systent, is conserved, while its total entropy, is growing. The rate of heat
generation is expressed throu@tﬁ/at, whereT is the temperature, i.e. through the applied
voltage and characteristics of the nanostructure itself. This means that the result is independent
of the assumption that the considered system is isolated, which is made only for the sake of

OU.
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derivation. This thermodynamically defined heat is generated in the classical reservoirs over the
length having a physical meaning of the electron mean free path. That is the same mean free path
that enters the Drude formula, which determines the conductivity of the reservoirs themselves,
the amount of heat generated per second in both reservoirs being the same.

It is interesting to indicate that even purely elastic collisions can result in a heat generation
although they of course cannot establish full equilibrium. This has a clear physical meaning.
The amount of order in the electron distribution resulting in electric current can bring about
mechanical work. For instance, one can let the current flow through a coil, and a magnetic rod
can be drawn into the coil. In such a way the electrons transferring the current can execute a work
on the rod. As a result of scattering, the amount of order in the electrons’ distribution diminishes,
and this means dissipation of mechanical energy into the heat. It has been shown that the heat
release is symmetric in both reservoirs even if the scatterers in the system are asymmetric.

All the above considerations do not mean that the collisions that give the main contribution
to the heat release, also establfgh equilibrium. What equilibrium needs is inelastic colli-
sions which transfer the energy of electrons taking part in charge transfer to other degrees of
freedom, such as to other electrons and phonons. In particd@abequilibrium electron dis-
tribution is established over the length scale determinedlbgtron-electronnteraction. Such a
distribution can be characterized by a local electro-chemical potential and sometimes an electron
temperature. The latter can in principle be measured by optical methods. On the other hand, the
equilibrium with respect to the lattide established at the scalesadéctron-phonomndphonon-
phononmean free paths. Only over those distances from the channel one can treat the results in
terms of the true local temperature.

Resistance of a quantum resistor

Consider a system shown in F[§3.2 consisting of a barrier connected to reservoirs by ideal
guantum wires. If there is some reflection only a part of the current is transmitted. In this

e

T, R

ideal Lead / :

Figure 13.2:0n the resistance of a quantum resistor.

case one can introduce the transmission probability of the mpdlg to obtain (including spin
degeneracy)

2 N
2,

As aresult,
2¢? 2e2 3
= nlen = Trit (13.3)
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Heret is the matrix ofscattering amplitudewhile the expression is calléd/o-terminalLandauer
formula.

This very important and looking simple formula was confusing during a long period. Indeed,
this is the conductance which is measured between two reservoirs. Having in mind that the
resistance of the connecting ideal wires (per one conducting moti¢Pé3 we can ascribe to
the scattering region the resistance

h [1 1| — h R
22 {? - ] T 2T
whereR is the reflection coefficient. Consequently, in the original formulation the quantum
resistance was described as
2 YT,

G=— .
h &1-T,

However, the quantity which is usually measured is given by [E8.3.

Now we derive the Landauer formula for finite-temperature and so-called multichannel case
when the leads have several transverse modes. Consider ideal wires which lead to a general
elastic scattering system. Let each lead has the cross séctiod haveN | transverse channels
characterized by wave vectdssso that,

(13.4)

R?k?
E| + % - EF .

The incoming channels are fed from the electron baths with the same temperature and chemical

potentialsyy, o, . ... The outgoing channels are fed upthermal equilibrium populationWe

shall assume that the particles are absorbed in the outgoing baths. The sources are assumed to be

incoherentthe differencegy — P are also assume small to yield linear transport. We introduce

the scattering amplitudeg for the transmission fronjth incoming toith outgoing channel.

Reflection amplitudes;; are introduces in a similar way for reflection into thl incoming

channel. If we replace the incoming and outgoing channels, we denote the proper amplitudes by

primes. In this way it is convenient to introdugl; x 2N, scattering matrix as

rot’
s_(t r,).

From the current conservation we must require unitarity while from time reversal symmetry
S=S Thus we have als&3 = | where star stays for complex conjugation while tilde for
transposition. In a magnetic field the Onsager relation req@itds = §(—H).

It one defines the total transmission and reflection itit@hannel as

2 2
Ti=5 5 R=35 Il
] ]
then from unitarity condition we get

IZTi = Iz(l—R’i)-
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Since the densities of states in each channel are 1Ddike) = (thv;) ! we write the current
through outgoing channels as

| = %Z [ 4B [W(EIT(E) + RER(E) - F2(E)]

ml;ﬁm)e/dE (_g_é) ZWE)-

Thus the conductance becomes

2¢? of
G=""[dE (-2 ) TrttT.
-/ oe (-5
This is thetwo-terminalconductance measured between éhigsidereservoirs which includes
contact resistances.

Point ballistic contact

The most clean system is the so-called quantum point contact (QPC) - short and narrow con-
strictions in 2d electron gas. A sketch of QPC is shown in [ER3 The conductance of QPC

NN
q\\\\\\\\‘{-

-1
-

(0) Ry

Figure 13.3: A sketch of a QPC
formed by split gates.

\j

AlAs-GaAs

&

2DEG

E

is quantized in the units dfe?/h. The quantization is not that accurate as in quantum Hall ef-
fect (about 1%) because of non-unit transparentieend finite temperature. It is interesting to
compare quantum and classical behavior of QPC. In a classical picture one can write

AR
AR

GaAs

FS

I=W( V2 da YWk (3
= Nn)V, —_— = — n.
( ) F/—n/z 2T[COSG TT \4:( )
Thus the “diffusion constant” is
J 1 262 ke W
Deff—&—ﬁWVF — G—ezg(sF)Deff—TT-

Note that the integer part of the quantig\WV /Ttis just the number of occupied modes according
to quantum mechanics.



174 CHAPTER 13. TRANSPORT PHENOMENA

Conductance (2¢ /h)

Figure 13.4:Quantization of conductance of a point
contact: Schematic picture (left) and experimental re-
sult (right).
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Figure 13.5:0n the classical conductance of a

Berey wo B _
yl T point contact.




Appendix A

Notations

Microscopic variables

g— (01,92,---,0¢) - generalized coordinates,
p— (p1,P2,---,Pf) - conjugated momenta,
#(q, p) - classical Hamiltonian,

~

H - quantum Hamiltonian,

dr = n{zldqj dp; - element of phase space,
m - mass of a molecule,

I(E,...) - number of states with the energyE ,

D(E,...) = I JOE = Tra(E _5{) = & [dr 8[E — #(p,q)] - state density,
S- spin,

c - velocity of light,

0 - degeneracy ofth state.

Macroscopic variables

V - volume of the box which contains the system,

P - pressure,

T - absolute temperature (we use also energy units),
B=1/T - inverse temperature,

E - total energy,

U - internal energys- entropy,

S - total entropy for the body and surrounding medium,
F - (Helmholtz) free energy,

H - thermal function, enthalpy,

G - Gibbs free energy, thermodynamic potential,

Q - Landau free energy.
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Electric and Magnetic Variables

B - magnetic field,
e - electronic charge,
K= e/2mc- Bohr magneton.

Constants

k= 1.38x 10 1% erg/K - Boltzmann constant,
h - Planck constanf = h/2mt ,

Useful mathematical formulas

The Stirling’s formula:
logn! ~nlogn—n+1 at n>1.

Oor more accurate

nl ~y/2n(n+g)n"e".

Thermodynamic relations

Thermodynamic potentials

Thermodynamic potential Notation | Independent variables Differential
Internal energy U S V,N TdS—-PdV+pdN
Heat function (enthalpy) H S PN TdS+V dP+pudN
Helmholtz free energy F T,V,N —SdT—-PdV+pudN
Gibbs free energy G T, PN —SdT+V dP+pdN
Landau free energy Q T,V, U —SdT—-PdV—Ndu

Table A.1: Thermodynamic potentials (summary)

Basic distributions

The Gibbs distribution

1
_ ~ aBEn — —BEs
Wh = Ze , Z= ES e .
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The Maxwell-Boltzmann distribution

f(p.a) = fp(p)-fq(a);
fo(p) = (2Brm) ¥2e PPEmem/2m  p=1/T;

1
Q) — que—svm)] V@)

The Fermi-Dirac distribution

fx = [eﬁ(gk_“) + 1]

The Bose-Einstein distribution .

fi = |:eB(5k—|J) _ 1]

The chemical potential is determined by the normalization

Ok .
VEigEnil N

Relations between thermodynamic and statistical quantities

z = ;e‘BE”;

F = —-Tlogz;

Q = —Tlog%(eB“NZeBEsN).
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Appendix B

On the calculation of derivatives from the
equation of state

Important relations arise from the properties of partial differentiations. Consider 3 quantities,
X,Y,Z, related by the equation of sta#¢(X,Y,Z) = const. Now let us considé,Y as indepen-
dent variables, whil& = Z(X,Y). We have

0Z 0Z
(a—X)YdX+ (a—Y>XdY—dZ_O. (B.1)
If Y,Z are taken as independent variables, then
oX oX
—dX+ (6_Y>ZdY+ (a_Z)YdZ_O (BZ)

Now we multiply EqB.1 by (%)Z and EqB.2 by <S—$>X and subtract the results. We obtain

(20,60, () o [ (3,2, (3) Jow-o

SincedX anddY areindependentthis equation is compatible if
oz (X (0Z) g
oX /y \ oY /, o )y
X\, (X\ (3Z) ¢
ay ), \oz),\oY /)y
oX 0 0Z
b i — ) =-1 B.
(o). (&), (), =+ ©3

0
X\  fov\7' 8.4
(a—)z—(a—x)z | (B4

or
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General scheme for transformation: Consider any quantit§ (X,Y), the differential of which

can be expressed as
_(9F 0F
df = (aX)YdX+ (av)x dX.

Then we divide it bydZ and assum¥ = const (dY = 0). We get

0F\  [(oF oX
(52),~ (5, (&), 52
Another important relation arises if one divides the expressiod foby xX,
0F\  [0F 0F oY
(5),~ (5),+ (), (%), 50

Equations B.5), (B.6) together with Egs[B.3), (B.4) and the Maxwell relations are usually
used for transformations and computation of derivatives from the equation of state.
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